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Abstract—We study the problem of secure transmission over
a Gaussian (2, 1, 1)–multi-input single-output (MISO) wiretap
channel under the assumption that links connecting the legitimate receiver and the eavesdropper, may have unequal strengths
statistically and delayed channel state information is available at
the transmitter (CSIT) from both receivers, respectively. We focus
on a two state topological setting of strong v.s. weak links. For
this model, we establish bounds on generalized secure degrees
of freedom (SDoF). For some special cases, the upper and lower
bounds coincide and SDoF is characterized. The encoding scheme
sheds light on the usage of both resources, i.e., topology and
delayed CSIT, in a non-trivial manner.

I. I NTRODUCTION
In a communication network, due to the scarcity of available
resources and increase in the demand of higher data rates
imposed by the consumers, multiple nodes communicate with
each other over a shared medium. This in turn leads to a
fundamental problem of interference in networks. A key tool
to eradicate this issue is by utilizing interference alignment
schemes previously introduced in literature [1]. The schemes
established in [1], generally assume that perfect channel state
information (CSI) about all nodes is conveyed to the transmitter, which is used to align the interference at the receivers.
However, due to random ﬂuctuations in the wireless medium,
it becomes difﬁcult to convey the perfect CSI to the transmitter.
In [2], Maddah-Ali et al. study a MISO broadcast channel and
show a rather surprising result that delayed or past CSIT is
still useful in the sense that it enlarges the degrees of freedom
(DoF) compared to a similar model with no CSIT. The result
developed in [2] is generalized to study a variety of models
namely, two- and three-user multi-input multi-output (MIMO)
broadcast channel in [3], [4], two-user interference channel
in [5], [6], and X-channel in [7], [8], all from DoF perspective.
In all these works, it is assumed that all non-zero channels are
equally strong in the sense that each link is capable of carrying
1 DoF, irrespective of the magnitude of channel coefﬁcient. In
cellular networks due to the mobility, links connecting users are
affected by different topological factors for instance, inter-cell
interference, and wave propagation path loss. These external
factors inﬂuence links in an asymmetric manner, which leads to
some links being stronger than others statistically. In [9], Chen

Fig. 1. (2, 1, 1)–MISO wiretap channel, where the link to eavesdropper is
weaker than to the legitimate receiver.

et al. study a two-user MISO broadcast channel by taking these
topological factors into account. The authors consider the two
state topological setting and assume that CSI conveyed by both
receivers can vary over time and establish bounds on generalize
DoF region.
Due to the broadcast nature of wireless medium, information
transmission is over heard by unintended nodes in the network
for free. Wyner in his seminal paper [10], introduced a basic
wiretap channel to study secrecy by taking physical layer
attributes of the channel into account. Wyner’s wiretap channel
is extended to study a variety of multi-user networks [11]
(and references therein). The complete secrecy capacity characterization of multi-user channels is difﬁcult so recently, a
growing body of research has attracted attention to study
the asymptotic behaviour of these models in high signal-tonoise ratio (SNR) regimes, where SDoF captures the relevant
performance metrics. Khisti et al. in [12], study the Gaussian
MIMO wiretap channel in which perfect CSI is available at the
Transmitter and establish the secrecy capacity as well as the
SDoF. In [13], the authors study the two-user MIMO broadcast
channel with past or delayed CSI and characterize the SDoF
region.
In this paper, we consider a Gaussian (2, 1, 1)–MISO wiretap
channel which consists of three nodes — a transmitter, a
legitimate receiver and a eavesdropper as shown in Figure 1.
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The transmitter is equipped with two antennas and each of the
receiver and eavesdropper is equipped with a single antenna.
The transmitter wants to reliably transmit message W to the
receiver and wishes to conceal it from the eavesdropper. In
investigating this model we make three assumptions, namely,
1) each receiver knows the perfect instantaneous CSI and also
the CSI of the other receiver with a unit delay, 2) each receiver
is allowed to convey the past or delayed CSI to the transmitter
and 3) links connecting receivers may have different strengths,
statistically; thus the topology of this network can alternate
between four possible states. We assume that the eavesdropper
is passive and is not allowed to modify the communication.
Compared to the wiretap channel studied in [13], in this
work the links connecting both receivers may have unequal
strengths. The (2, 1, 1)–MISO wiretap channel that we study
can be seen as a special case of the one in [9] but with imposed
security constraints. We focus on the asymptotic behaviour of
this network model, where system performance is measured by
SDoF.
The main contributions of this work are summarized as
follows. We ﬁrst establish an upper bound on the generalized
SDoF of (2, 1, 1)–MISO wiretap channel. The upper bound
follows by extending the proof developed earlier in the context
of MIMO wiretap channel with delayed CSIT in [13] by
taking topology of the network into account. For the case in
which legitimate receiver is stronger than the eavesdropper,
the lower bound that we establish in this work coincides with
the upper bound; and, thus SDoF is established. The encoding
scheme is based on the noise injection scheme in [13] and also
borrows some elements from the one developed in [9] by taking
imposed secrecy constraints into account. The encoding scheme
carefully utilize the topology of the network and CSI available
from the receivers in a non-trivial manner.
We structure this paper as follows. Section II provides a
formal description of the channel model along with some useful
deﬁnitions. Section III states the main result of this work, where
we have established an upper bound and the encoding schemes
for the (2, 1, 1)–MISO wiretap channel. Finally, in section IV
we conclude this paper by summarizing its contributions.

is equipped with a single antenna. The transmitter wants to
reliably transmit message W ∈ W = {1, . . . , 2nR(A1 ,ρ) } to
legitimate receiver and wishes to conceal it from the eavesdropper. For this setting, we consider a fast fading environment
and assume that each receiver is fully aware of its own perfect
instantaneous CSI and also the CSI of the other receiver with
a unit delay. In addition to this, each receiver is allowed to
convey only the past or outdated CSI to the transmitter, i.e.,
at time instant t, transmitter has perfect knowledge of only the
past (t − 1) channel states from both receivers.
Due to the inherent randomness of the wireless channel
and topological changes that may arise, for instance — due
to the mobility of the users or interference (jamming) from
unintended nodes, some elements of the network can experience
more interference compared to the others. These factors in turn
originate two fundamental classes of links, where few links
are stronger than others statistically. Let A1 ∈ {1, α} denote
the link power exponent from the transmitter to legitimate
receiver and A2 ∈ {1, α} denote the link power exponent from
transmitter to eavesdropper, respectively, for 0 ≤ α ≤ 1; where
we denote the stronger link by Ai := 1 and the weaker link by
Ai := α, i = 1, 2, respectively. As alluded before, the notion of
stronger v.s. weaker links implies a statistical comparison, for
instance, A1 > A2 refers to the case in which intended receiver
is stronger than eavesdropper statistically. Then, based on the
topology of the network, the model that we study belongs to
any of the four states, (A1 , A2 ) ∈ {1, α}2 . We denote λA1 A2
be the fraction of time topology state A1 A2 occurs, such that

λA1 A2 = 1.
(1)
(A1 ,A2 )∈{1,α}2

The channel input-output relationship at time instant t is

yt = ρA1,t ht xt + n1t

zt = ρA2,t gt xt + n2t , t = 1, . . . , n

where x ∈ C2×1 is the channel input vector, h ∈ H ⊆ C1×2
is the channel vector connecting intended receiver to the
transmitter and g ∈ G ⊆ C1×2 is the channel vector connecting
eavesdropper to the transmitter, respectively, the parameter ρ
is subject to input power constraint; and ni is assumed to be
independent and identically distributed (i.i.d.) white Gaussian
noise, with ni ∼ CN (0, 1) for i = 1, 2. For convenience, we
normalize the channel input vector, ||xt ||2 ≤ 1, then the average
received SNR for each link at time instant t is given by

Eht ,xt [|| ρA1,t ht xt ||2 ] = ρA1,t

Egt ,xt [|| ρA2,t gt xt ||2 ] = ρA2,t .
 
For ease of exposition, we denote St = hgtt as the channel state
matrix and St−1 = {S1 , . . . , St−1 } captures the collection of
channel state matrices over the past (t − 1) symbols, respectively, where S0 = ∅. We assume that, at each time instant t,
the channel state matrix St is full rank almost surely. At each
time instant t, the past states of the channel matrix St−1 are
known to all nodes. However, the instantaneous states ht and
gt are known only to the legitimate receiver, and eavesdropper,
respectively.

Notations: A few words about notations. Boldface upper case
letter X denote matrices; boldface lower case letter x denote
vectors; and calligraphic letter X designate alphabets. At each
time instant t, xt denote [xt1 , . . . , xtn ], and E[.] denote the ex.
pectation operator. We use = to denote an exponential equality,
. β
such that given f (ρ) = ρ implies lim log f (ρ)/ log(ρ) = β.
ρ→∞

We use O(f (ρ)) to denote the asymptotic behaviour of the
function f (ρ). The term o(n) is some function g(n) such that
= 0. The Gaussian distribution with mean μ and
lim g(n)
n
n→∞

variance σ 2 is denoted by CN (μ, σ 2 ). Finally, throughout the
paper, logarithms are taken to base 2.
II. S YSTEM M ODEL AND D EFINITIONS
We consider the (2, 1, 1)–Gaussian MISO wiretap channel,
as shown in Figure 1. In this channel model, the transmitter is
equipped with two transmit antennas and each of the receiver
ISBN 978-3-8007-3659-1
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Deﬁnition 1: A code for the Gaussian (2, 1, 1)–MISO wiretap channel with delayed CSIT and alternating topology consists of sequence of stochastic encoders at the transmitter,
{φt : W×S t−1 −→ X1 × X2 }nt=1

Theorem 1: For the (2,1,1)–MISO wiretap channel with delayed CSIT and alternating topology (λA1 A2 ), an upper bound
on generalized SDoF is given by
d(λA1 A2 ) ≤

(3)

where the message W is drawn uniformly over W; and a
decoding function at intended receiver
ψ : Y n ×S n−1 ×Hn −→ Ŵ.

Proof: The proof of the upper bound is provided in
Appendix B.

(4)

Remark 1: The upper bound generalizes the proof established earlier in the context of SDoF of wiretap channel
with delayed CSIT [13] by taking topological ﬂuctuations into
account. By removing the topology consideration, i.e., setting
λ11 := 1, the upper bound reduces to the SDoF of MISO
wiretap channel with delayed CSI [13, Theorem 1].

Deﬁnition 2: A rate R(A1 , ρ) is said to be achievable if there
exists a sequence of codes such that
lim sup Pr{Ŵ = W |W } = 0.

(5)

n→∞

Deﬁnition 3: A generalized SDoF d(A1 ) is said to be
achievable if there exists a sequence of codes satisfying following
1) Reliability condition:
lim sup Pr{Ŵ = W |W } = 0,

B. Generalized SDoF with ﬁxed topology
In this subsection, we provide some optimal encoding
schemes for ﬁxed topological states. For simplicity of analysis
and in accordance with DoF framework, we ignore the additive
Gaussian noise and only mention the asymptotic behaviour of
the inputs by ignoring the exact power allocations.

(6)

n→∞

2) Perfect secrecy condition:
I(W ; z n , Sn )
lim sup
= 0,
n
n→∞

1) Fixed Topology (λ11 = 1): By removing the topology
consideration, i.e., by setting (A1t , A2t ) := (1, 1) ∀ t, the
model reduces to the MISO wiretap channel with delayed CSIT
studied in [13], for which the optimal SDoF is given by 2/3
SDoF. The coding scheme in this case is established in [13]
and is omitted for brevity.

(7)

3) and communication rate condition:
lim lim inf

ρ→∞ n→∞

log |W(n, ρ, A1 )|
≥ d(A1 ).
n log ρ

III. G ENERALIZED SD O F

OF

(8)

2) Fixed Topology (λ1α = 1): We now focus on the case in
which the legitimate receiver is stronger than the eavesdropper
and state the optimal SDoF.

MISO WIRETAP CHANNEL
CSIT

WITH DELAYED

Proposition 1: For the case in which the legitimate receiver
is stronger than the eavesdropper (λ1α = 1), the SDoF is
3−α
d=
.
(11)
3

In this section, we state our main results on the generalized
SDoF of the MISO wiretap channel with delayed CSIT. Before
proceeding to state the result, we ﬁrst digress to provide a useful
lemma which we will repetitively use in this work.

Proof: The converse follows immediately from the upper
bound established in Theorem 1 by setting λ1α := 1 in (10).
We now provide the description of the encoding scheme that we
use to prove the direct part of Proposition 1. In this scheme,
the transmitter intends to send three symbols (v1 , v2 , v3 ) to
the legitimate receiver and wishes to conceal them from the
eavesdropper. The communication takes place in three phases,
each comprising of only one time slot. In the ﬁrst time slot,
the transmitter injects artiﬁcial noise, u := [u1 , u2 ]T , along
with the conﬁdential symbol (v1 ) intended for the legitimate
receiver. In this phase, the leverage provided by the topology
of the network is utilized as follows. Similar to the coding
scheme in [13], the transmitter injects artiﬁcial noise from both
antennas, where due to the topology of the network the output
at eavesdropper is obtained at a lower power level (O(ρα ))
compared to the legitimate receiver (O(ρ)). Thus, by reducing
the transmission power of the artiﬁcial noise to the order of
eavesdropper (O(ρα )), the transmitter can then use the remaining power (O(ρ1−α )) to send conﬁdential symbol to legitimate

Lemma 1: The following quantities hold under channel output symmetry
h(y n , z n |Sn ) ≤ 2h(z n |Sn ) + nλ1α (1 − α) log(ρ),
h(y n , z n |Sn ) ≤ 2h(y n |Sn ) + nλα1 (1 − α) log(ρ),

(9a)
(9b)

h(y n |Sn ) ≤ 2h(z n |Sn ) + nλ1α (1 − α) log(ρ),
h(z n |Sn ) ≤ 2h(y n |Sn ) + nλα1 (1 − α) log(ρ).

(9c)
(9d)

Proof: The proof of Lemma 1 appears in Appendix A.The
inequalities in Lemma 1 also holds with additional conditioning
over message W .

A. Upper Bound
We now establish an upper bound on the generalized SDoF of
the MISO wiretap channel with delayed CSIT and alternating
topology.

ISBN 978-3-8007-3659-1

(3 − α)λ1α + 2(λ11 + αλαα ) + (1 + α)λα1
.
3
(10)

3

© VDE VERLAG GMBH · Berlin · Offenbach

SCC 2015, February 2 – 5, 2015 in Hamburg, Germany

ρ1−α

v1
ρ
h1 u

h2 v
+

h31 (g2 v

h21 h1 u

g21 h1 u)

during the ﬁrst phase. Since the transmitter already knows u
and due to the availability of past CSI of legitimate receiver
(h1 ) in phase 1, it can easily construct (h1 u) and sends
  

h1 u
v2
+
(15)
x2 =
φ
v3

+

Received power levels at legitimate receiver

The channel input-output relationship is given by

ρ

g2 v
+
g21 h1 u

g1 u

α

√
√
ρh2 v + ρh21 h1 u,
√
√
z2 = ρα g2 v + ρα g21 h1 u.

g31 (g2 v

y2 =

+

g21 h1 u)

t=2

Fig. 2.

t=3

Received power levels at the legitimate receiver and eavesdropper.

receiver. The eavesdropper will receive the conﬁdential symbol
embedded in with artiﬁcial noise but at reduced power level;
and hence can not decode it. In this phase, the transmitter sends
  

u1
v1 ρ−α/2
+
(12)
x1 =
u2
φ
.
.
where E[uT u] = 1 and E[||v1 ||2 ] = 1. The channel inputoutput relationship is given by

√
(13a)
y1 = ρh1 u + ρ(1−α) h11 v1 ,


O(ρ)

z1 =

O(ρα )

The channel input-output relationship is given by
√
√
y3 = ρh31 g2 v + ρh31 g21 h1 u,
√ α
√
z3 = ρ g31 g2 v + ρα g31 g21 h1 u.

O(ρ1−α )


√ α
ρ g1 u + ρ0 g11 v1 .



(13b)

O(ρ0 )

=
=
=

Equivocation Analysis. We can write the channel inputoutput relationship in compact form as
⎡ √ α
⎤


ρ
0
h1 u
√
√
⎢ ρh
⎥
ρh2 ⎦
21
,
(19)
y := ⎣
v
√
√
ρh31 g21
ρh31 g2
⎡ √ α
⎤


ρ g1
0
√ α ⎥ u
⎢ √ρα g h
ρ ⎦
21 1
z := ⎣
,
(20)
g2 v
√ α
√ α
ρ g31 g21 h1
ρ g31

I(v1 ; y1 |h1 u)

√
h( ρh1 u + ρ(1−α) h11 v1 |h1 u)

√
−h( ρh1 u + ρ(1−α) h11 v1 |h1 u, v1 )
(1 − α) log(ρ).
(14)

where the channel output in time slot 1 at legitimate receiver
is normalized for convenience.
The information rate to legitimate receiver is bounded by
I(v; y|Sn ) = I(v; y1 |Sn ) + I(v; y2 , y3 |y1 , Sn )

Note that, via symbol v1 only (1 − α) log(ρ) bits are securely
transmitted.
In the second phase, the transmitter transmits fresh information
(v := [v2 , v3 ]T ) to the legitimate receiver along with a linear
combination of channel output (h1 u) at the legitimate receiver
ISBN 978-3-8007-3659-1

(18a)
(18b)

At the end of phase 3, by using y1 , the legitimate receiver
subtracts out the contribution of h1 u from (y2 , y3 ) and decodes
v through channel inversion.

At the end of phase 1, each receiver conveys the past CSI to the
transmitter. Figure 2 illustrates the received power levels at the
legitimate receiver and eavesdropper, respectively. At the end
of phase 1, eavesdropper gets a linear combination of artiﬁcial
noise along with the conﬁdential symbol (v1 ) at noise level;
and, thus, it can not decode it. The legitimate receiver gets
the conﬁdential symbol embedded in with a linear combination
of artiﬁcial noise (h1 u). It ﬁrst re-constructs h1 u, from the
channel output (y1 ) by treating v1 as noise, within bounded
noise distortion. Afterwards, it subtracts out the contribution of
h1 u from y1 and decodes v1 through channel inversion. The
information transmitted to legitimate receiver via v1 symbol is
given by
Rv1

(16b)

At the end of phase 2, each receiver conveys the past CSI to the
transmitter. Since the legitimate receiver knows the CSI (h2 )
and also the channel output y1 from phase 1, it subtracts out
the contribution of h1 u from the channel output y2 , to obtain
one equation with two unknowns (v := [v2 , v3 ]T ). Thus, the
legitimate receiver requires one extra equation to successfully
decode the intended variables, being available as interference
(side information) at eavesdropper but with reduced power
level.
In the third phase, due to the availability of delayed CSIT,
transmitter can construct the side information (z2 ) at the
eavesdropper and sends


g2 v + g21 h1 u
x3 =
.
(17)
φ

Received power levels at eavesdropper
t=1

(16a)

(a)

= I(v; y2 , y3 |y1 , Sn )

= 2 log(ρ)

(21)

where (a) follows due to the independence of v and y1 .
4
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belongs to λgi and have the same alphabet set; and (c) follows
due to the independence of xi and (gi , g̃i ).

We can bound the information leakage to eavesdropper as
I(v; z|Sn ) ≤ I(g2 v, u; z|Sn ) − I(u; z|g2 v, Sn )

We now provide the proof of (9a) and (9c); due to the symmetry
rest of the inequalities follow straightforwardly. We proceed as
follows.

=2α log(ρ) − 2α log(ρ)
= 0.

(22)

From the above analysis, it can be easily seen that 3 symbols
are securely transmitted to the legitimate receiver over a total
of 3 time slots, yielding 3−α
3 SDoF.

h(z n |Sn ) =
h(z n |Sn ) =

IV. C ONCLUSION

2h(z n |Sn ) =

n


≥

=

Now, lets consider an artiﬁcial channel z̃i at eavesdropper, such
that channel input-output relationship at i-th time instant is

z̃i = ρA2,i g̃i xi + ñ2i

(f )

h(zi , z̃i |z i−1 , Sn )

h(zi , z̃i , yi |z i−1 , Sn ) − h(yi |z n , z̃i , Sn )

i=1
n


h(zi , yi |z i−1 , Sn ) + h(z̃i |zi , yi , z i−1 , Sn )

i=1

− h(yi |z n , z̃i , Sn )
n
(e) 
≥
h(zi , yi |z i−1 , Sn )
≥

i=1
n


h(zi , yi |z i−1 , y i−1 , Sn )

i=1

= h(z n , y n |Sn )
≥ h(z n , y n |Sn ) − nλ1α (1 − α) log(ρ)

where g̃i is the vector connecting artiﬁcial receiver to the
transmitter and ñ2i is the channel noise. Let λgi denotes the
probability distribution from which, gi and g̃i are independent
and identically drawn. Let Sn := {gi , g̃i }ni=1 .

(23)

2h(z n |Sn ) + nλ1α (1 − α) log(ρ) ≥ h(z n , y n |Sn )
≥ h(y n |Sn )

Proof: We begin the proof as follows.
, S ) = h(zi |z

, g , g̃ , S \ Si )
 i i
= Eλgi [h( ρA2,i gxi + n2i
n

A PPENDIX B
P ROOF OF T HEOREM 1
The converse uses elements from the proof established earlier
in the context of wiretap channel with delayed CSIT [13]
and also, uses properties of channel local output symmetry in
Lemma 1. For convenience, we ﬁrst denote the channel output
at each receiver as

|z i−1 , g̃i = g, gi , Sn \ Si )]
(c)

= Eλgi [h(z̃i |z i−1 , gi , g̃i = g, Sn \ Si )]
(24)

n
n
n
n
, y1α
, yα1
, yαα
),
y n := (y11

where (a) follows because n2i and ñ2i are independent from
(xi , gi , g̃i ) and have same statistics, (b) follows since gi and g̃i
ISBN 978-3-8007-3659-1

(28)

This concludes the proof.

|z i−1 , gi = g, g̃i , Sn \ Si )]

(a)
= Eλgi [h( ρA2,i gxi + ñ2i |z i−1 , Sn \ Si )]

(b)
= Eλgi [h( ρA2,i gxi + ñ2i

= h(z̃i |z i−1 , Sn )

(27)

where (d) and (f ) follow form the fact that conditioning
reduces entropy and (e) follows because with (zi , z̃i , Sn ),
one can ﬁrst construct xi ; and then yi within bounded noise
distortion, h(yi |z n , z̃i , Sn ) ≤ no(log(ρ)).
We can also bound (27) as follows

Property 1: The channel local output symmetry states that

h(zi |z

(26)

i=1
n


Before proceeding to the proof of Lemma 1, for completeness we ﬁrst introduce a property which is used to establish
the results in this work.
Recall that, the channel output at eavesdropper is given by

zi = ρA2,i gi xi + n2i .

i−1

h(z̃i |z i−1 , Sn )

h(zi |z i−1 , Sn ) + h(z̃i |z i−1 , Sn )

i=1
n


(d)

=

n

(25)

where (26) follows due to the property of channel local output
symmetry. Then, by combining (25) and (26), we get

A PPENDIX A
P ROOF OF L EMMA 1

i−1

i=1
n


h(zi |z i−1 , Sn )

i=1

In this paper, we study the generalize SDoF of a MISO
wiretap channel. We assume perfect CSI is available at the
receivers and each receiver only conveys the past CSI to the
transmitter. In addition to this, links connecting both receivers
may have unequal strengths. For this set-up we establish bounds
on SDoF. For the case in which the legitimate receiver is
stronger than the eavesdropper, the lower and upper bounds
agree.

h(zi |z i−1 , Sn ) = h(z̃i |z i−1 , Sn ).

n


n
n
n
n
, z1α
, zα1
, zαα
),
z n := (z11

5
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where (e) follows by maximizing (32) with respect to
h(z n |Sn ), and (f ) follows from the fact that conditioning
reduces entropy.
This concludes the proof.

n
n
where yA
(zA
) denotes the part of channel output at
1 A2
1 A2
receiver (eavesdropper), when (A1 A2 ) ∈ {1, α}2 channel state
occurs. We begin the proof as follows.

nRe = H(W |z n , Sn )
= H(W |Sn ) − I(W ; z n |Sn )
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n
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n
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n

n

≤ h(y n , z n |Sn ) − h(z n |Sn ) − h(y n |W, xn , z n , Sn ) +n


n

≥no(log(ρ))

(b)

≤ h(z n |Sn ) + nλ1α (1 − α) log(ρ) + n

n

(30)

where n → 0 as n → ∞; (a) follows from Fano’s inequality,
(b) follows because (y n ) can be obtained within noise distortion
form (xn , Sn ), and using (9a).
We can also bound Re as follows. From (29), we get
nRe ≤ I(W ; y n |Sn ) − I(W ; z n |Sn ) + n

n

1
nλα1 (1 − α)
≤ h(y n |Sn ) − h(z n |W, Sn ) +
log(ρ)
2
2
− h(z n |Sn ) + h(z n |W, Sn ) + n n

(c)

1
nλα1 (1 − α)
≤ h(y n |Sn ) − h(z n |Sn ) +
log(ρ) + n n
2
2
(31)

(d)

where (c) follows from (9d) and (d) follows from the fact that
conditioning reduces entropy.
Then, combining these two upper bounds in (30) and (31),
we get

nRe ≤ min h(z n |Sn ) + nλ1α (1 − α) log(ρ), h(y n |Sn )

nλα1 (1 − α)
1
n n
(32)
− h(z |S ) +
log(ρ) + n n
2
2
(e)
n(1 − α)(λ1α + λα1 )
2
h(y n |Sn ) +
log(ρ) + n n
≤ max
n
h(y ) 3
3

(f )
2
n
n
n
h(y11
≤ max
|Sn ) + h(y1α
|Sn ) + h(yα1
|Sn )
n
h(y ) 3

n(1 − α)(λ1α + λα1 )
n
n
+ h(yαα |S ) +
log(ρ) + n n
3
(3 − α)λ1α + 2(λ11 + αλαα ) + (1 + α)λα1
≤
n log(ρ)
3
(33)
+n n
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