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Abstract—Self-organizing circuits are subject to current research because they are known to solve computationally complex
tasks fast, energy efficient and can be implemented in integrated
circuits with minimum space requirements. This is especially
desired in contexts where the problem involves many components,
such as neural networks, and the solution demands exhaustive computational effort. Networks which are centered around
memristors have shown to be good candidates for such selforganizing, circuit-inspired solutions. One of many interesting
problems include finding the minimum spanning tree in a graph,
as it has applications in human learning in the context of the
self-organizing discovery of information transport and hence
topology formation. This work presents a memristive circuit to
solve the minimum spanning tree in a directed, weighted graph
of arbitrary size. Since the manufacturing process of memristors
is generally complicated and costly, a software emulator based
on wave digital principles is derived which provides a powerful
tool for investigations with different memristor models to aid
development processes.

I. I NTRODUCTION
Self-organizing circuits generally are good candidates for
solving computationally complex tasks and memristors –
resistors with a memory – are the key elements in these
circuits [1]. Such circuit-inspired, memristive solutions have
shown to outperform graph-theoretical algorithms in different
applications, such as finding all possible paths between the
entry and exit node of a maze, where the problem can be
solved in only a single step [2], [3].
Efficient solutions to graph-theoretical problems are of
particular interest for current research on neural networks, as
their deployed neuron models can be interpreted as vertices
of a graph and the synapse models can be viewed as edges.
Application examples of such neural networks include gait
pattern generators [4], anticipation of digital patterns [5] or
topology formation [6]. One amongst many graph-theoretical
problems subject to investigation has been finding the shortest
path between a starting vertex and all other vertices. Previous,
non-circuit approaches to solve this problem exist, such as the
Dijkstra, A*, Bellman-Ford or Floyd-Warshall algorithms [7].
Among other features, these algorithms differ in their access
to information on the topology and costs in the graph. A selforganizing solution to the minimum spanning tree problem
is desirable in the context of unsupervised learning, as the

circuit itself discovers optimal communications structures for
information transport. Unsupervised learning is also of interest
in pattern recognition and circuit-based solutions have been
found [8].
Emulators are currently used to develop and investigate
memristive circuits, because the manufacturing process is
costly and complicated. Wave digital emulators have shown
to be beneficial for software emulations [9]–[11], especially
because the wave digital method preserves passivity even
under finite arithmetic conditions [12].
This work is structured as follows. In Sec. II the utilized
memristor model is discussed and the memristive circuit solution to a fundamental graph is investigated in detail to highlight
the basic functionality of the here presented approach. The
wave digital emulator is derived in Sec. III and the emulation
results of an example graph verify the proper function of the
memristive circuits. A summary of our main results concludes
the paper.
II. M EMRISTIVE C IRCUIT S OLUTION TO M INIMAL
S PANNING T REE P ROBLEM
The goal of this work is to obtain a self-organizing, circuitinspired solution to the minimum spanning true problem,
where a weighted, possibly directed graph G = (V, E) with
a set of vertices V and edges E is given and the paths of
lowest costs between a starting vertex and all other vertices is
desired. Before we present our proposed memristive network
to tackle this problem, we provide necessary details on the
memristive elements which we deploy in this context.
A. Vertex and Edge Memristive Elements
The relationship between current and voltage of the memristor in Fig. 1 is described by
i = W (z, u) u,
W (z, u) = WHCS + z[WLCS − MHCS ],

(1a)
(1b)

where W (z, v) is the memductance and z ∈ [0, 1] is the inner
state, with z = 0 indicating that the memristor is in the high
conductance state (HCS) WHCS and z = 1 indicating that the

memristor is in the low conductance state (LCS) WLCS . The
state equation reads
(1c)

ż = S[σ(u)σ(z) + σ(−u)σ(1 − z)],

where σ(ξ) is the Heaviside function and S is the steepness
of the transition between WHCS and WLCS and vice versa.

graph is fundamental, because starting from entry vertex A
there are two possible paths to vertex C. The path A → B →
C has a cost of 2, while the path A → C has a cost of 1
and is therefore optimal. The circuit corresponding to Fig. 3
is shown in Fig. 4.
C

W (z, u)
i

1

1

u
A

Fig. 1. Memristor with voltage u, current i and inner state z.

With the details explained in the following subsection, it
is required for the application discussed here that the LCS
and HCS of memristors deployed to represent the edge of
between two vertices are different from the LCS and HCS of
memristors used as a vertex representation. In fact, we will
later show that
E
V
E
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must be satisfied. Therefore, both types of memristors utilized
in this work are described by (1a)–(1c), and they only distinguish themselves by (2).
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Fig. 2. Relationship between a graph representation with vertices A, B and
edge weights α, β (top) and its proposed self-organizing circuit-based solution
with edge memristors W E and vertex memristors W V (bottom).

Fig. 2 (top) shows a graph of two vertices A, B with two
edge weights α, β, respectively. Since memristors are directed
electrical devices, it is possible to represent a directed graph in
the circuit which is shown in Fig. 2 (bottom). Here, α in series
interconnected edge memristors W E represent the weighted
edge from B towards A while the series interconnection of β
edge memristors W E describes the weighted edge from A to
B. The grounded vertex memristors W V model the vertices
A, B, respectively.
Below we will investigate a fundamental graph that will
explain the roles of all involved memristors in detail.
B. Fundamental Graph
Fig. 3 shows a fundamental directed graph with vertices
A, B, C and three edges with edge weights of 1 each. This
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Fig. 3. Fundamental directed graph with entry vertex A marked by the arrow
and optimal spanning tree indicated by blue edges.

All edge memristors are initialized in the LCS and all vertex
memristors are initialized in the HCS, so that the initial inner
states are z0E = 1 and z0V = 0. This can be seen in Fig. 4
(a), where all LCS memristors are highlighted in orange and
all HCS memristors are shown in blue. The goal of this setup
is to have all edge memristors that are part of the minimal
spanning tree to be in the HCS after convergence.
E

Due to the configuration depicted in Fig. 4 (a) and WLCS
V
, cf. (2), W1E and W3E observe almost the entire voltage
WHCS
uin > 0 while all other memristors experience close to
no voltage at all. This will cause both W1E and W3E to
transition to the HCS, which is shown in Fig. 4 (b) and
indicates that both are part of the minimal spanning tree.
In this new configuration, again due to (2), the two vertex
memristors WBV and WBV will transition to the LCS, as the
voltage across both is approximately −uin . This leads to the
final configuration that is shown in Fig. 4 (c), where all
memristors in the HCS are part of the minimal spanning tree
and all other memristors are in the LCS. Understanding this
fundamental setup enables approaching graphs of arbitrary
sizes and arbitrary, non-negative edge weights.
III. WAVE D IGITAL M ODEL
The wave digital concept [13] is here exploited as an
emulation technique as it is known to yield a highly flexible algorithm where parametric changes and especially the
incorporation of different memristor models is quick and
uncomplicated [10], [11]. Additionally, energetic properties
such as passivity are preserved and the resulting algorithm can
be implemented on a DSP or a FPGA for real time applications
in integrated circuits [12].
At an arbitrary port , electrical quantities u, i are related to
wave quantities a, b by an arbitrary constant R > 0 called the
port resistance and the transformation
a = u + Ri,

b = u − Ri.

(3)

Any circuit solution to the here investigated problem like
the one shown in Fig. 4 is a network consisting of multiple
memristors that can always be expressed by a single oneport memristor Ŵ (z, u) with a resistive voltage source as the
input signal as explained in [1]. Such a compact representation
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Fig. 4. Proposed circuit for the fundamental graph setup of Fig. 3. Understanding the processes of this setup is key to understand arbitrary setups. Memristors in
LCS are highlighted in orange, those in HCS are highlighted in blue. Figures (a)-(c) show states and experienced voltages of all memristors until convergence.
The problem solution can be observed from (c) where all edge memristors that are part of the minimal spanning tree are in the HCS.

highly simplifies the derivation of a signal flow graph with
wave quantities which is shown in the following.
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Fig. 5. Resistive voltage source with input uin connected to memristor
Ŵ (z, u) which represents the memristive circuit solution to the minimal
spanning tree problem.

The resistive voltage source in Fig. 5 is expressed in wave
quantities by
u = e − R0 i

⇔

(4)

a = e,

if the port resistance in chosen such that R = R0 . The
memristor in Fig. 5 can be expressed as
i = Ŵ (z, u)u

⇔

(5)

b = ρ(z, u)a,

where the reflection coefficient is
ρ(z, u) =

1 − R0 Ŵ (z, u)

1 + R0 Ŵ (z, u)

(6)

.

The overall wave digital signal flow graph is depicted in Fig.
6, where highlighted parametric loop is addressed by fix-point
iterations [14].
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Fig. 6. Wave digital flow graph of the setup in Fig. 5 with the parametric
loop highlighted in orange.

IV. E MULATION R ESULTS
Based on the functionality explained for the fundamental
graph in Fig. 3, we investigate the course of the inner states for
the edge memristors in Fig. 9 with the emulation parameters
specified in Table I.
E
WLRS
V
WLRS
E
WHRS
V
WHRS

Emulation parameters
= 1 kS
u0
=
= 1S
Tin
=
= 1 mS
R0
=
= 1 µS
S
=

1V
2 ms
1 µΩ
103

TABLE I
E MULATION PARAMETERS FOR THE SETUP DEPICTED IN F IG . 9 ( BOTTOM ).

The input signal is a train of rectangle pulses, which
is designed such that one rectangle causes a single edge
memristor M E to transition from the LCS to HCS, cf. Fig. 8.
This way the amount of rectangles needed coincides with the
costs from the entry vertex to any other vertex. The emulation
results are shown in Fig. IV.
Firstly, we observe that all memristors W1E , . . . , W8E that
should be part of the minimum spanning tree are in the HCS
after convergence as indicated by the course of their initial
states z1E , . . . , z8E . The first memristor to transition from LCS
to HCS is W1E after two rectangular inputs. Here, we see that
the cost from vertex A to vertex B has indeed a cost of 2
which verifies the proper design of the input signal as depicted
in Fig. 8. Only after W1E is in the HCS, W2E experiences the
next rectangular input, causing it to go to the HCS since the
cost from vertex B to vertex C is 1. With the fourth rectangular
input, W6E transitions to the HCS, as the costs A → G are
4. Note that both branches of the minimum spanning tree are
found simultaneously and do not require overwriting previous
states as for example in Dijkstra’s algorithm [7]. Consequently,
all other paths are found at a time proportional to their costs.
From Fig. 8 it can be seen that the minimum spanning tree
contains a path of length 19.
V. C ONCLUSION AND O UTLOOK
In this paper a circuit-based, self-organizing solution to
the minimum spanning tree problem based on a memristive
network has been investigated. Especially in large application
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Fig. 8. Emulation results of states z1E , . . . , z8E in the setup shown in Fig. 9 when the signal uin is applied as displayed. It can be observed that the according
edge memristors transitions to the HCS when the number of spikes of the input signal uin coincides with the costs from vertex A to the respective vertex.
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in the here presented emulator for future work, making it a
highly universal investigation tool and design aid.
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Fig. 9. Graph with entry vertex A, vertices B, . . . , I and edges 1, . . . , 13
with edge weights written next to them (top). Memristive circuit where the
colors indicate the final solution of the problem with memristors in HCS
are highlighted in blue and those in LCS highlighted in orange (bottom).
Simulation results of this setup are shown in Fig. 8.

examples, such as neural networks, an approach that is able
to organize itself like the one presented in this work are desirable because they might correspond to unsupervised topology
formation and optimal information transmission. A highly
flexible emulator based on wave digital principles has been
provided and the concluding emulation results have verified a
proper functioning of the proposed memristive circuit and the
emulator thereof.
Models of physical memristors can easily be incorporated

[1] L. Chua, “Everything You Wish to Know About Memristors But Are
Afraid to Ask,” International Journal of Circuit Theory and Applications, vol. 24, no. 2, pp. 319 – 368, Jun. 2015.
[2] Y. Pershin et al., “Self-organization and Solution of Shortest-path
Optimization Problems with Memristive Networks,” Physical review. E,
Statistical, nonlinear, and soft matter physics, vol. 88, no. 1, pp. 013 305
1 – 8, Jul. 2013.
[3] K. Ochs et al., “Solving the Longest Path Problem with a Wave Digital
Emulation of HfO2 -based Memristor Models,” submitted to IEEE 62nd
International Midwest Symposium on Circuits and Systems, 3 2019.
[4] K. Ochs et al., “Mimicking Gait Pattern Generators,” IEEE 61st International Midwest Symposium on Circuits and Systems, 8 2018, pp. 1 –
4.
[5] K. Ochs et al., “Anticipation of Digital Patterns,” International Journal
of Circuit Theory and Applications, vol. 46, pp. 235 – 243, Feb. 2018.
[6] K. Ochs et al., “Neural Network Topology Formation Using Memristive
Jaumann Structures,” IEEE 61st International Midwest Symposium on
Circuits and Systems, 8 2018, pp. 1 – 4.
[7] T. Cormen et al., Introduction to Algorithms, 3rd ed. The MIT Press,
2013.
[8] M. Hansen et al., “Double-barrier memristive devices for unsupervised
learning and pattern recognition,” Frontier in Neuroscience, vol. 11,
p. 91, Feb. 2017.
[9] E. Solan et al., “Wave Digital Emulation of a TiN/Ti/HfO2/TiN RRAM
Cell,” International Journal of Numerical Modelling: Electronic Networks, Devices and Fields, vol. e2588, pp. 1 – 12, Mar. 2019.
[10] E. Solan et al., “Wave Digital Emulation of General Memristors,”
International Journal of Circuit Theory and Applications, pp. 1–17, Jul.
2018.
[11] K. Ochs et al., “Wave Digital Emulation of Charge- or Flux-Controlled
Memristors,” IEEE 59th International Midwest Symposium on Circuits
and Systems, pp. 1–4, Aug. 2016.
[12] K. Ochs, “Passive integration methods: Fundamental theory,” AEÜ
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