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Impact of the Mapping Strategy on the Performance
of APP Decoded Space–Time Block Codes
Aydin Sezgin, Member, IEEE and Eduard A. Jorswieck, Member, IEEE

Abstract—In this paper, we propose a “turbo” coding scheme
consisting of the serially concatenation of a channel code and
OSTBC with iterative processing at the receiver. We analyze the
impact of different mapping strategies on the information transfer
of the space–time detector with EXIT-charts and derive some
criteria for the optimum mapping strategy.
Index Terms—EXIT-charts, iterative decoding, mapping,
space–time codes.

I. INTRODUCTION

R

ECENT information theoretic results have demonstrated that the capacity of the channel in the presence
of Rayleigh fading improves significantly by using multiple
transmit and receive antennas [1]–[3]. Since then there has
been considerable work on a variety of space–time coding
schemes. More recently, the authors in [4]–[6] proposed to use
a powerful channel code (e.g., turbo codes [7]) in concatenation with a space–time unitary matrix differential modulation
code or orthogonal space–time block codes (OSTBC) [8],
[9] in order to achieve significant coding gains. STBC from
orthogonal design provide the maximum possible diversity gain
for a multiple-input–multiple-output (MIMO) channel, but no
coding gain.
In this work, we consider the concatenation of an outer code
with OSTBC [9] as the inner code in order to improve the performance of the uncoded system, and in order to approach the
capacity promised by the information theoretic results. Differently from [4], [5], decoding at the receiver is done in an iterative
manner between the soft-input–soft-output (SISO) space–time
detector and the SISO channel decoder. We consider different
mapping strategies and analytically show that it is possible to
improve the performance by employing other mapping schemes
than Gray mapping. Furthermore, we derive some mapping criteria to obtain better performance for iterative decoding. Very
recently, mapping strategies for turbo detection have also been
investigated and optimized with respect to different criteria in
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Fig. 1. Model of the transmitter with channel encoder, interleaver,
mapper and space–time block coder.

[10]. We analyze the space–time detection and decoding components with extrinsic information transfer (EXIT) charts, which
have been proposed in [11] as a quasianalytical tool for predicting the convergence behavior and the performance of concatenated coding systems. An EXIT chart consists of a pair of
curves which represent the mutual information transfer functions or transfer characteristics of the component detectors and
decoders in the turbo process. Each transfer characteristics is
against
essentially a plot of the a priori mutual information
for the component decoder
the extrinsic mutual information
and
are related to the probability
of interest. The terms
for the
density functions (pdfs) of the log-likelihood ratios
for the extrinsic information, the
a priori information and
and the structure of the detector or
signal-to-noise ratio
decoder. The required pdfs can be estimated by generating hisand
of
and , respectively, for a partograms
.
ticular value of
The contribution of this work is the following:
• analysis of the performance of OSTBC within an iterative
decoding scheme;
• application of both mutual information and EXIT charts
to facilitate the choice of an optimal mapping for OSTBC;
• derivation of two design criteria for optimal mapping.
II. SYSTEM MODEL
We consider a system with
transmit and
receive antennas. We combine a OSTBC with a channel code in serial via
a pseudo random interleaver in order to achieve low probability
of error for small signal-to-noise-ratios (SNRs). As shown in
coded bits
Fig. 1, after the encoding and interleaving step the
, where
denotes the frame
in the bit sequence
from a given constellalength, are mapped onto symbols
tion , e.g., -PSK.
The function
describes the mapping of
consecutive bits contained in the vector onto one
constellation symbol . The symbols are then space–time
space–time generator matrix
coded according to the
or
[9]. The code rate is given by
, where
is the number of different symbols and is the number of time
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samples. At the SISO receiver, we apply iterative detection and
decoding as described in [12]. Our system model is defined by

A. Example
For 8PSK (

), we have

(1)
where is the received signal at time and receive antenna ,
is the transmitted signal from a given constellation at time
and transmit antenna ,
is the complex channel path gain
from transmit antenna to receive antenna and is a complex
Gaussian random variable at time and receive antenna . The
are independent and Gaussian
real and imaginary parts of
distributed.
The real and imaginary parts of the channel gains are independent and Gaussian distributed random variables with
per dimension. The average energy of the symbols transmitted
from each antenna is denoted as , so that the average power
and the signal-toof the received signal at each antenna is
. Throughout the paper, we assume that the
noise-ratio is
channel path gains are i.i.d. (identically independent distributed)
and that successive blocks of channel realizations are independent. The effect of spatial correlation among antennas on the
performance of space–time codes is studied in [13], [14]. We
further assume that perfect channel state information (CSI) is
available at the receiver and that the transmitter has no CSI.
III. IMPACT OF DIFFERENT MAPPING ON THE PERFORMANCE
In the following, we analyze the impact of different mappings
on the transfer characteristics of the detector for an AWGN
channel. The extension to a Rayleigh-fading channel is straightforward. The mutual information between transmitted consteland received AWGN channel output is
lation symbol
given by (assuming that all constellation symbols are equiprobable)

Note that conditioning (i.e., increasing a priori knowledge)
. Further note,
increases the mutual information, i.e.,
that the sum in (5) itself is independent of the mapping strategy
, but that is not the case for the addends. Depending
different
on the constellation in use, there are in principal
mapping strategies. The question here is how to find a mapping
strategy with a good performance in iterative decoding? Before
and
,
answering the question, let us introduce the subsets
is the set of symbols such that
where
and
is the set of symbols such that
for any with
. In order to find some criteria for the
optimal mapping strategy with respect to iterative decoding, we
are going to analyze the impact of the mapping on and
from (5), which are the most important addends in the sum.
: Let us start with , which consists of the weighted sum
of mutual information

and
given as

(and similar for

) is

(6)
(2)

where

with conditional probability density function (pdf)
(3)
and
(4)
where
denotes the base 2 logarithm and
is the noise
variance. With the chain rule of mutual information it can be
shown that the mutual information can be decomposed into

The expression in (6) can be only numerically evaluated. However, in order to get more insight, how to choose the mapping
strategy, a closed-form expression is needed. With
, around one, and
(7)
after some manipulations, (6) can be approximated by

(5)
(8)
is the average mutual information [15], when bits
where
are already known to the receiver. Note that, the
depend on
.
the mapping function

The approximation in (7) is allowed, since (6) depends strongly
on
.
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: Similar to ,
consists of a weighted sum of
different conditioned mutual information
,
which are given as

where

is defined (and similar for

where
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TABLE I

f (c) FOR 5 DIFFERENT MAPPINGS WITH 8PSK

) as

(and similar for

) and

is defined as

Again, with
arrive at

and after some manipulations, we

(9)
From (8) and (9), we can now derive two important mapping
, say
strategy criteria. The first criteria is with respect to
the most right point in the EXIT-charts . In order to achieve
should be as high as
low BER with iterative decoding,
possible. Therefore, in order to achieve a high
(see (9)),
the first criteria is to get constellation points, which differ in only
one symbol bit, as far away as possible from each other.
A highly important fact is that the transfer characteristics
of mapping devices are almost straight lines and that the
areas under the characteristics are equal [16], [17]. The only
difference between different mapping strategies is the slope
of the transfer characteristic. Therefore, increasing the right
most point of a transfer characteristic results in a decreasing
, the left most point in the EXIT-chart. The second criteria
(see (8))
is with respect to . In order to further reduce
and automatically enhance
, constellation points, which
have a symbol bit in common, should be again as far away as
possible from each other.
B. Example
In Table I, we show the mapping function
for five different mappings, which we choose from all possible 8PSK mappings [15]. The constellation positions given in Table I are depicted in Fig. 2 for illustration. Note that the mapping strategies
“d23” and anti Gray fulfil best the criteria which we mentioned
above. Comparing the information transfer for different mappings in Table II, we see that for Gray mapping the difference

Fig. 2. 8PSK-constellation.

TABLE II
CONDITIONAL MUTUAL INFORMATION I FOR DIFFERENT 8PSK MAPPINGS
AT

E =N

= 6 dB

between
and
is not as large as in the case of the other
mappings. This means that increasing a priori knowledge has
only small impact on the information transfer of the detector
for Gray mapping. Interestingly, this is not true for the other
mappings. Here, we observe an improved information transfer
is larger
by increasing the a priori knowledge. Additionally,
with Gray mapping in comparison to the other mappings. Therefore, we expect a better performance with Gray mapping in the
case, where no a priori knowledge is available at the receiver.
In addition to the exact values, the approximations of and
from (8) and (9) are given in Table II. We observe that the approximations have (qualitative) the same behavior as their exact
is highest for Gray,
counterparts, e.g., the approximation of
reduces gradually and is lowest for anti Gray mapping, which
shows that the criteria in (8) and (9) are very useful.
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Fig. 3. Extrinsic information transfer (EXIT) charts of outer rate R
= 1=2
decoder and transfer characteristics of inner detector with different mappings.

IV. EXIT-CHART ANALYSIS
Fig. 3 shows the extrinsic information transfer characteristics of the extended block code BCH(8, 4), the convolutional
code CC(23, 35) and the turbo code (TC) (with two recursive
. Additionally, the
CC(7, 5)), all with outer rate
as the inner decoder
curves of the space–time detector for
for different mapping strategies are depicted. The results for
and
other OSTBC such as the Alamouti code [8], ,
[9] are similar and therefore omitted. Different mappings result
in transfer characteristics of different slopes. It is important to
know that for the EXIT chart predictions on code performance
we assumed very large interleavers and a fast fading channel, in
which the channel is selected independently for each space–time
code matrix (i.e., channel is constant for only channel uses).
However, in practice using large interleavers is not applicable. In
our bit error rate simulations later on in this section we use moderate interleaver sizes. Due to this both assumptions the EXIT
charts can be regarded only as asymptotic results. Therefore,
the “turbo-cliff”-region occurs not exactly at the predicted SNR
values. Note that the detector transfer characteristics are almost
straight lines and that at low SNR values increasing the SNR
just shifts the curve up. Additionally, note that for high SNR
values, the slope of the detector transfer characteristics is also
affected (not depicted here). From the figure, we see also that
the natural mapping provides good extrinsic output at the beginning but provides diminishing output for higher a priori input
. For the antigray mapping it is the other way around. The
detector which uses gray mapping provides almost the same extrinsic output for all a priori input, which confirms the results
from Table II in Section III. Therefore, we expect that the performance of the detector with gray and natural mapping is good
in the low SNR regime and for a few iterations in comparison to
the other mappings. But in the high SNR regime and for more
iterations, we expect that it is the other way around. Note that
is on the ordinate,
the axes are swapped for the outer code:
on the abscissa. By comparing the transfer characteristics

Fig. 4. Performance of the considered outer code [extended BCH(8,4)] in
with different mapping strategies, n = 3
concatenation with the OSTBC
transmit and n = 1 receive antennas, 8PSK modulation.

H

of the outer codes, we observe that the BCH first surmount the
intersection with the detector curves, followed by the CC and
then the TC. Thus, we expect that the turbo cliff positions in the
BER charts are also in the same order.
Remark 4.1: Notice that the EXIT-chart analysis assumes
that the log-likelihood ratios of the bits are Gaussian distributed.
Although, that does not exactly hold for the detector considered
here, it was shown in [18] that the shape of the involved distributions is only of minor importance for the EXIT-chart analysis.
This justifies the application of EXIT-charts for our case.
V. SIMULATION RESULTS
In this section, the simulation results of the proposed schemes
and their interpretation are presented.
For verification of the observations from the EXIT-Charts,
we present the bit error rates (BERs) for gray and anti gray
with
mapping in Fig. 4 for a system employing the OSTBC
transmit and
receive antenna. Since the transfer
characteristics of all other mapping strategies are almost always
between the transfer characteristics of gray and anti gray mapping, only their BERs are depicted. Coding is performed over
multiple block fading channels. The transmitted bits are orga. We assume that one block
nized in frames of length
channel uses. We observe
fading channel is constant for
that although the curves are relatively flat at iteration 1, there
is a significant improvement with further iterations. However,
in the case of gray mapping iteratively decoding yields negligible gain, so only the first iteration is plotted. Furthermore,
simulation results show, that there occurs a saturation of the improvement for the other mappings beyond iteration 6. This behavior can be explained by the fact that after each iteration the
extrinsic output of the receiver components tends to a Gaussian
distribution according to the central limit theorem (CLT), but the
correlation between the extrinsic information and the channel
output increases after each iteration [19]. Hence, the improvement of the BER-performance diminishes after each iteration. In
the low SNR regime, however, intersection of the EXIT-curves
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Fig. 5. Performance comparison of the coded and uncoded system, OSTBC
n = 3 transmit and n = 1 receive antennas, 8PSK modulation. The
dashed line indicates the capacity limit.

H

Fig. 6. Frame error rate of the proposed scheme with different outer codes and
mapping strategies, lower bound (lb) stands for assumption of perfect a priori
information.

is the main cause for the poor performance. As predicted in
the EXIT-Charts, the BER-performance of the gray mapping is
better than the BER-performance of the anti gray mapping in
the low SNR regime. In the high SNR regime, however, it is the
other way around. Note that this performance difference to gray
mapping can further enhanced with a larger frame length or a
smaller .
To avoid an overload of Fig. 4, the BERs for the uncoded
system with gray mapping and coded system with anti gray
and gray mapping are depicted in Fig. 5 for comparison. Furthermore, the cases, where we have assumed, that the STD has
perfect a priori information are also depicted, to serve as lower
bounds. From this figure, we see that there is a significant performance gain compared to the uncoded system. In addition to
this, we observe that the performance of the scheme depends
strongly on the accuracy of the a priori information in the case
of anti Gray mapping, but not for Gray mapping. This also verify
our analysis from the EXIT-charts. The performance of the anti
Gray scheme with the assumption of perfect a priori information
than without this assumpis about 4 dB better at a BER of
tion. Note that this difference gets smaller for high SNR, since
the accuracy of the a priori information in the nonperfect case
gets even better for increasing SNR. The dashed line in Fig. 5 in,
dicates the capacity limit. We observe that, at the BER of
the proposed scheme performs within 6 dB of the capacity. Note
that the degradation with respect to capacity is mainly caused by
the inner OSTBC.
By using a more powerful channel code such as the 16-state
trellis code CC(23, 35) or the turbo code TC(7, 5), the performance with perfect a priori information is even better as depicted in Fig. 6. However, since the transfer characteristics of
the CC(23, 35) and the TC(7, 5) do not match as well as the
BCH code to the transfer characteristics of the detector, the performance without perfect a priori information is worse in comparison to the BCH code for small SNR, due to the inferior exchange of a priori information between detector and decoder.
Further, the turbo cliff position is first achieved by the BCH,

followed by the CC and the TC as predicted by the EXIT-chart
analysis. On the other hand, for high SNR values, the information transfer between the more powerful codes (CC and TC) and
the detector is better and convergence to the right upper corner
of the EXIT-chart (area with low BER [11]) is faster obtained.
Thus, for higher SNR and better feedback information, the performance of the CC(23, 35) gets better than that of the BCH
code. We also observe, that in case of the FER, differently to
the BER, the performance with anti-Gray mapping is always
better than the Gray mapping strategy for the whole range of
SNR values.
VI. CONCLUSION
In this paper, the serial concatenation of an outer code with
different orthogonal space–time block codes has been proposed. We analyzed the impact of different mapping strategies
on the information transfer of the SISO detector and analytically showed that additional performance gain is achieved in
comparison to Gray mapping. Furthermore, we derived two
simple design criteria for the optimal mapping strategy. The
performance of this scheme was investigated with EXIT-charts
and error rates and compared with the uncoded scheme in [20].
Simulation results show that this scheme performs significantly
better in terms of bit error rates in comparison to the uncoded
system.
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