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Abstract— The main focus of space-time coding design and CDD in terms of error probability was analyzed in [9] for
analysis for MIMO systems has been so far focused on single- frequency flat and frequency selective channels. The diyers
user systems. For single-user systems, transmit diversischemes  ,tiplexing tradeoff for delay diversity was charactexdz
suffer a loss in spectral efficiency if the receiver is equippd with . 13]. Based th tion that statistical inf i
more than one antenna, making them unsuitable for high rate in [13]. Base on. € a;sump lon that s a_ls Ical In ,Or(,'m'
transmission. One such transmit diversity scheme is the cjic about the channel is available at the transmitter, tranfsibeits
delay diversity code (CDD). The advantage of CDD over other employed at the transmitter are optimized in [14] in order to
diversity schemes such as orthogonal space-time block cade minimize the Chernoff bound on the error probability of CDD.
(OSTBC) is that a code rate of one and delay optimality are g gyerage rate for CDD by assuming Gaussian as well as

achieved independent of the number of transmit antennas. In - . . : L .
this work we analyze the ergodic rate of a multi-user multipe PSK/QAM input signals for a point-to-point transmissiorttwi

access channel (MAC) with each user applying such a cyclic iy 7 = 2 Or np = 4 transmit antennas andp < 2 receive
diversity (CDD) code. We derive closed form expressions fathe antennas was investigated in terms of Monte-Carlo sinuasiati
ergodic sum-rate of multi-user CDD and compare it with the jn [15].
sum-capacity. We study the ergodic rate region and show than As noticed in [16], most of the work on space-time coding
contrast to what is conventionally known regarding the sinde- - . .
user case, transmit diversity schemes are viable candidatefor SO far is focu;ed on single-user systems_. For such single-
high rate transmission in multi-user systems. Finally, ourtheo- ~USEr systems, it was shown that the loss in terms of spectral
retical findings are illustrated by numerical simulation results. efficiency for transmit diversity schemes increases sicgnifily
for more than one receive antenna [17], making them inappro-
priate for high rate transmission. In this work, by assundng
Gaussian codebook, we analyze the ergodic rate performance
of a multiple access channel (MAC) system with multiple aser
Multiple-input multiple-output or MIMO wireless systemstransmitting their data to the base station by using a CDD.
have received a significant amount of interest due to theif the receiver, we apply a joint maximum-likelihood (ML)
capability of dramatically increasing the capacity of a eomyjetector. We compare the achieved ergodic sum-rate with the
munication link [2], [3]. Also, there has been considerableum-capacity of a MAC system assuming that the users do not
work on a variety of schemes which exploit multiple antennagayve channel state information (CSI) and the base statisn ha
at both the transmitter and receiver in order to obtain apatfyll CSI. We show that, if the number of receive antennas
diversity, i.e. to improve the reliability of the system Bucis |ess than the number of uséss i.e.nr < K in the system
as orthogonal space-time block codes (OSTBC) [4], [5] andihich is a reasonable assumption), the loss of the proposed
space-time trellis codes [6] (STTC). An simple example fa§cheme in terms of spectral efficiency is negligible. Thimis
a STTC is the delay diversity code, first proposed in [@dtrong contrast to single-user systems [15], [17]. ThusDGD
and also discussed in [6], [8], where the data stream on fagleed an attractive candidate for transmit strategies MM
first transmit antenna is transmitted with delays on the rothglti-user systems.
antennas. The delay diversity code achieves full divetsify ~ The remainder of the paper is organized as follows. In
has a disadvantage of a slight rate loss due to some lead®ttior{T), we introduce the system model and the constmcti
and taiIing zeros. In order to avoid this drawback, Cyclitagie of the CDD. The performance of CDD in terms of Spectra|
diversity (CDD) has been proposed in [9]. efficiency is then analyzed and compared to the sum-capacity

The main advantage of CDD over OSTBC is that a codg sectiorTIl, followed by simulations and concluding retks
rate of one is achieved independent of the number of transiitSection TV and V.

antennas, whereas OSTBC suffer a rate loss by increasing thRiotational conventions are as follows. We will use bold-
number of transmit antennas [10]-[12]. The performance gfced upper case letters to denote matrices, &g.with
_ _ _ elementsz; ;; bold-faced lower case letters for column vec-
The work is supported in part by the Deutsche Forschungsgsoieft ’

(DFG) and by NSF Contract NSF DMS-0354674 ONR Contract ONAPT, €.8.,%, and light-faced letters for scalar quantities. The
N00014-02-1-0088-P00006. superscriptg-)” and(-)? denote the transpose and Hermitian
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where only one antenna is available at the base station, i.e.
nrg = 1, and afterwards generalize it to higher number
of receive antennas. The separation of these two cases is
motivated by the fact that the spectral efficiency for traitsm
diversity schemes in single-user systems with one reagivin
antenna is close to (e.g. QSTBC) or even equal to capacity
(Alamouti scheme) [17]. With more than one receive antenna,
this behavior changes significantly to the disadvantagéef t
transmit diversity schemes. As we will see later on, for mult
user systems the picture looks different.

A. ng = 1 antenna at the base station

Fornp = 1 at the base station, the system equatiorin (1)
reduces to

Fig. 1. Multiuser MIMO multiple access channel (MAC) with ais
MSh,..., M Sk transmitting data to base station (BS).

SNR
. . . I . y= Z ——Gyhj +n
operations, respectively. Finally, the identity matrieesl all nr

zero vectors of the required dimensions will be denoted by
and0”. E[] will denote the expectation operator.

[l. SYSTEM MODEL \/ Hka n= @/ - ~ “Hx+n

In this work, we consider a multiuser multiple access
channel (MAC) withK users each with- transmit antennas With where the circulant matricel, 1 < k < K,

with hy, of size[1 x nr|, which can be rewritten as

and ng receive antennas at the base station as depicted in [k RE o Rk
Fig. . hk o RE .. hk
The system model is given as hk Rk hk
K H, =
SNR k
Y=) /= —GiH{ +N, (1)
k=1 nr hk hk . hk
Tk—l ’,}; ) %“—2

whereSNR denotes the signal-to-noise rati@,, is the trans- L hp  hY o+ hpg ]

mit matrix of size[T" x nr], T is the block length andN 5y the effective channels between usend the base station,
([T"xng]) is the additive white Gaussian noise (AWGN) matrixy _ H, H, T

X _ LHg| andx = x¥ xT, ... xE]T is
N ~ CN(0,1). In this work, we focus on delay optimal codes . . L .
: o bbtained by stacking the transmit signals of the users into
in the sense that the decoding is performed aftechannel one large vector. The instantaneous rate achievable with th
uses withny = T [5], [10]. The channel between usés 9

1 < k < K, and the base station is modeled by a random Girculant code s then given as
zero-mean component chani&), ([nr x ny]) with identically
independent distributed (iid) complex Gaussian entries, i
H, ~ CN(0,I), 1 < k < K. We assume that each user

log, det (

SNR
I.= 10g2 det (IT + —HHH)
nr

is applying a cyclic delay diversity scheme (for simplicitye

Ir + SN—R Z HkHH>
skip the user index) , given as

[ x Tg - x| Since theH;, 1 < k < K, are all circulant matrices, they
T X1 o TT_q can be simultaneously diagonalized by the unitary DFT matri
Tr_1 XTp - XTr_2 D [18], i.e. H,HY = DnyA,D¥. Therefore, . results in
Gi(xk) = G(x) = S )
. . . . SNR
, I, = 1og2 det | Ip 4+ — Z DnyAiD
r3  my . T2 nro4
T2 T3z o Z1 1 SNR
B - = — log, det (IT + ——npdiag (A1, A, .. ., )\T)> ,
wherex; = [z1,29,...,27|7 is the vector of transmitted T nr
symbols of usek. where the)\, are i.i.d. chi-square distributed random variables
with 2K degrees of freedom, i.8; ~ x3,. For the ergodic
[1l. PERFORMANCE ANALYSIS sum-rate performance given & = E[I.], we thus have
In the following, we analyze the ergodic sum-rate perfor- T
mance achieved with the proposed scheme and comparefit = —E [Z log, (1 4+ SNRA;) | = E[log, (1 +SNRM)],
to the ergodic MAC sum-capacity. We start with the case, t=1




where\ ~ x3 . In order to derive a lower bound on the abov®. Arbitrary number of receive antennas np

expression, we make use of the fact that, (1 +,ae_9”) IS @ For higher number of receive antennas the effective (some-
convex function witha > 0, thus applying Jensen’s inequalityimes also referred to as equivalent) channel to each uger
results in

given as
R. > log, (1 + SNRexp (E [logy (M)])) . ~ ~ ~ ~ T
2 ( p (E [log, (A)])) H, = Hg’l,H£2’”.7H£nR
From [19], [20] we know that
where
K-1 r k k k .
1 hi hs, hi
E [logy (V)] = 9 (K) = kZ Tl (3) Wk he
=1 ) ) 5
3 hiz  his his
where ¢(-) is the digamma or psi function [21, p.943, H;, = .
eq.8.360] andy ~ 0.577 is Euler’s constant. Thus, forg = 1
receive antenna at the base station, the average sum-rate hE. . hEL hk,
performance of the proposed scheme is lower bounded by | RE, RE W L]
K-1 1 with
R. > log, [ 1 +SNRexp 77 ) 4) B L B
= = |fy . Ak ©)

In contrast, note that the sum-capacity of the multiuser MAg’eing a

system can be lower bounded by
SNR nTK-1 case, the instantaneous rate with arbitrayy nr and K users
C > log, (1 + ——exp ( > - 7)) (5) achievable with the circulant code is then given as
nr
k=1

The result in[(b) is obtained by applying the techniques 8 [1
and the fact that for no CSIT the ergodic sum capacity
a K users MAC channel, where each user hastransmit
antennas, is equivalent to the ergodic capacity of a singlBheorem 1 The ergodic-sum rate of a multi-user MAC
user system withkny transmit antennas [22, Proposition 1]systemwith K users each equipped with n transmit antennas
[2]. By comparing [(#) and{5), we observe that the differencpplying a CDD and np receive antennas at the base station
between the ergodic sum-rate achieved with CDD and the suisifower bounded by

capacity, i.eC' — R, converges to I M-l
R, > log, <1 + SNRexp (Z - 7>> . (11)

[npnr X npK| matrix. Thus,H is a block matrix
with circulant blocks. Similarly to the single receive amta

1 NR -~ -~
I. = — log, det (IanT + S—HHH> . (10)
T ) nrtr

%e are now able to state the following theorem.

L s L =1 k=1
) Z 7 In(nr) = -
k=K with L = min(ng, K) and M = max(ng, K).
npK—1
1 14+ K Z 1 In(nr) (6) Proof: : The proqf is giv_en in the Appendix. .
Kn(2) pie k In comparison, using similar techniques the sum-capacity

) ) ] ) ) of the multiuser MAC system withK users, each withp
for high SNR. This result is restricted to highNR, where the a3nsmit andnr, receive antennas can be lower bounded by
lower bounds in[(4) and{5) are tight and thus can be used for

computing the differenc€ — R.. Note thatZZiﬁj +isa L SNR M-l 1
nondecreasing function ik andny. Further, note that C>> log, |1+ oy &P > 7 (12)
=1 k=1
nprK—1 nprK—1 K
. . 1 1 L= . ~
lim — = lim = Z A with L = min(ng,nrK), M = max(ng,nrK).
Koo Tk K=ee 13 k=1 By applying Jensens inequality, the lower bound Bp
= lim ¢¥(nrK)— (K + 1) = In(ny). (7) in (@) and the lower bound fof' in (I2) may be bounded
Koo from below by
Thus, forng = 1 the difference in[(6), i.eC — R., is upper ) M-t
bounded b
y R. > Llog, <1+SNRexp<ZZZE—7>> (13)
R o< 1 @® =1 k=1
= Kn(2) and
for high SNR, i.e. the more the number of users the less is the N 1 L M-l

S

SNR
exp EZ

difference between the actual capacity and the rate aahieveC = Llogy | 1+ nr
with CDD. =1 k=1



respectively. These new lower bounds get tight for high *° ‘ ‘ ‘ ‘ ‘ Ty

SNR [19]. Assume thatr < K, which is a reasonable —— R, n=1 ,’5
assumption. Then, applying similar steps as[ih (B)- (7), us- —Cin=l /F’
ing (I3) and[(Ik) the differena&— R. may be upper bounded R, n =1, Lower Bound o '
by 10 |--- R n.=2, Lower Bound /m/ 1
L 1 -e-C,n=2 /q,’ |
C—chln(z)ZK_Z+1<1+(K—Z+1) —e— R, N2

=1

Spectral efficiency [bits/s/Hz]
(2]

1 (nT — l)K
n{—+—un——— 15
xn<nT+nT(K—l+1))> ( )
for high SNR. Thus, increasiny reduces the differenc@ —
R., while increasingur increases the differendg — R..
In addition to the lower bound, an upper bound is also = ‘ ‘ ‘ ‘ ‘ ‘
-10 -5 0 5 10 15 20 25 30

derived following the approach of [20]. Applying Jensen’s SNR [dB]
inequality to [Z1) results in

o-

R. < 10g2 E [det (I + SN RH’lHllH)} Fig. 2. Single-user ergodic_ rate of the CDD and capa_city. =1,2 and
np = 4. Lower bounds obtained frori ({L1) are also depicted.

due to the concavity of the logarithm. With [20, Theorem A.4,
eq.(A.11)], we arrive at

Lo v | and
R. < log, (Z <2) o=t i)!SNRZ> : (16) R? < Elog, [det (I + SNRh] ,h{%)]
1=0
SNR
In the following section, our theoretical results are ilrased Cy < Elog, {det (I + WHZ)HQLI)] : (18)

by numerical simulations. ) )
respectively, wheréh) ; ([ng x 1]) is theith column of the

IV. SIMULATIONS nr x K matrix H} in @I). The r:_;lte of the individual user
cannot exceed these bounds, which are referred to as single-

A. Single-User case user bounds withk! + R = C andC; + Cy = C. From the

In Fig. [2, the ergodic rate?. achievable with the CDD figure, we observe that the gap between the single-user spund
and the ergodic capacity for a single-user system are debice.g.C, — R, is significantly large. An interesting observation
with ny = 4 transmit andng = 1 andng = 2 receive s however, that the corner points of the capacity regienar
antennas, respectively. In addition to this, the lower lsban  the left or below the corner points of the ergodic rate region
R. in (LI) derived in the previous section is also depictedf CDD. Thus, at the so called Pareto optimal part [24] of
From the figure, we observe that farz = 1, R. is close the rate region which is the time-sharing part between the tw
to the capacity. By increasingr, we observe that the losscorner points, the gap between the symmetric CDD rate region
increases significantly. The lower bound & confirms this to the capacity region is dramatically reduced. The Pareto

behavior and verifies the numerical results obtained in,[1&ptimal part contains all the optimal operating points af th
[17] that transmit diversity schemes perform poorly faf >  channel [24, Ch.6,p.231].

1 in single-user systems. In Fig.[d, we depict for a system wittk = 6 users and
ng = ng = 3 antennas from top to bottom (at the most
B. Multi-User case right): the ergodic capacity, the lower bound on the ergodic

Eapacity in [IR) (very tight), the upper bound on the ergodic
sum-rate of the CDDR,. in (I8), R., and the lower bound

transmit antennas and a base station with = 2 receive ?n Re r']n m) |d|scussed in the prewc;ush sect|or(1j§. lefere.ntly
antennas is depicted for three differésitiR values ranging rom the single-user system, most of the ergodic capacity Is

from SNR — 0 dB to SNR = 40 dB. In addition to that obtained by the CDD despite multiple receiving antennas at
' ’ Qe base station. Both the lower and upper boundprtrack

ergodic sum-rate performance of the CDD quite well.

In Fig. [3, the ergodic capacity region of a symmetri
system with X' = 2 users each equipped withy = 2

the ergodic rate region achievable with CDD is depicted. ™
corner points of the regions can be achieved by a succesgr\}%
cancelation decoder. Note that the capacity and the maximum
rate achievable with CDD of the point-to point link with the V. CONCLUSION
other user absent from the system (or equivalently comlglete Research in the area of space-time design and analysis
canceled) are given by for MIMO systems has traditionally focused on single-users
R! < Elog, [det (I i 5NRh'1.1h/1H1ﬂ scenari_os. For these _systems, transmit dive_rsity scheuffes s
o a loss in spectral efficiency when the receiver has more than
¢y < Elog, {det (I + SN_RHIH{I)] (17) one antenna, making them unsuitable for high rate transmis-
nr sion. Here, we focused on the performance of cyclic delay



APPENDIX

A. Proof of Theorem[d

Proof: The expression if{10) may be rewritten as

1 NR -
I, = — log, det (I L MNR G e DyEAT (I, © D)H)

nr

nrHHH

(19)

whereD is the unitary DFT-matrix of appropriate size[ef; x
| ny] with DD# = T and ® denotes the Kronecker product
. between two matrices. According to [18, p.183], the matrix
HH™ is a[nrny x ngny) block matrix with diagonal blocks
: of size [nr x nr]. The non-zero entries of the matrBl are
eachCA(0,1) distributed.

Let us now multiply the matrixIH# in (@3) from right

Fig. 3. Ergodic Capacity Region (dashes lines) and ergad&negion of the and left with a[anT X anT] permutation matrixP and

CDD (solid lines) withK = 2 users;np = 2 andny = 2 for SNR = 0dB, P, respectively. It holds thaPP" = 1.
SNR = 20dB andSNR = 40dB.

Example .1 For np =4, ng =2 and K =2, P isgiven as

1 0 0 0

S OO, OO oo

ol eleolBeNeNel -
SO OO O+ OO
S OO O~ OO O
O OO0 o oo

ool el en Bl en i e e M en)
SO, OO OO
o= OO o OO

Thus, we have

1 .
Io = 7 logy det | T+ SNRPTHHYP
H/H/H

+Rc

_._C

1 &
—+—Upper Bound on R, | ==Y log,det (L, + SNRH;H/"),  (20)
— Lower Bound on C T i=1
—<— Lower Bound on RC b

Spectral Efficiency [bits/s/Hz]

‘ ‘ ‘ where H' = diag (H|,H},...,H/, ) is a block diagonal

-10 -5 SNRO[dB] 5 10 matrix, with nr blocks of size[nyp x K| and each block is
CN(0,1) distributed. Eqg.[(20) can be interpreted as the sum-

rate ofny parallel MIMO channels each withy receive and

Fig. 4. Ergodic sum-rate of the CDD and sum-capacity with = 6 ; N ;
users,np = 3 andny = 3. Upper and lower bounds obtained froEl(lG)K transmit antennas, divided by the block lengtiofTaking

and [I2)[(I1L), respectively, are also depicted. the expectation of(20) with" = nr results in

R. = Elog, det (I+ SNRH{H/") . (21)

Following the same approach as of [19], and using the lower
bound on mutual information from [3, eq.(12)] that

min(ng,K)

diversity (CDD) codes. We analyzed the ergodic sum-rate and I> Z log, (1 4+ SNRXj),
studied the ergodic rate region achievable by using the CDD j=1

for each user in a multi-user multiple access channel (MAC\Rihere the X ~ 2 we apply Jensen’s
We derived tight closed form expressions for the ergodljﬁe ualit wit';1 X2(max(np, K)—j+1)’ y
sum-rate of multi-user CDD and compared it with the sum- q y
capacity. We showed that in contrast to the single-user,case [ [log, (1 + aexp(z))] > log, (1 + aexp(E [z]))

transmit diversity schemes are viable candidates for hagé r

transmission in multi-user systems when the number of uséos a > 0 to (21). Furthermore, by usinfl(3) we arrive at the

exceeds the number of antennas at the base. lower bound forR,. given in [11). [ |
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