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SUMMARY
The wave digital concept for numerical integration of partial differential equations leads to algorithms with
highly advantageous features as robustness, full localness and massive parallelism. However, the required
synthesis of an internally multidimensionally passive reference circuit, from which the algorithm is derived,
usually demands an in-depth knowledge of circuit theory and a high level of intuition. In this practical
guide, a step-by-step approach for the synthesis of such reference circuits is introduced to relax these
requirements, using the nonlinear ﬂuid dynamic equations as a nontrivial example. General implementation issues for the wave digital algorithm are discussed as well as applying arbitrary passive linear multistep
methods in place of the commonly used trapezoidal rule. As an example, we take the well-known
numerically critical shock tube problem, the solution of which is problematic when the trapezoidal rule is
used as unwanted oscillations occur. These oscillations are suppressed when using the second-order
accurate Gear method instead. Copyright r 2010 John Wiley & Sons, Ltd.
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1. INTRODUCTION
In recent years, the wave digital concept has been proposed for the numerical integration of
partial differential equations (PDEs). It leads to algorithms with unique robustness properties,
full localness and massive parallelism [1–4]. This is achieved by drawing advantage of natural
properties of the modeled physical system, such as passivity resulting from energy conservation,
and ﬁnite speed of propagation resulting from action at proximity. The method relies on the
synthesis of an internally multidimensionally passive reference circuit equivalently describing
the PDEs, which serves as reference for a one-to-one corresponding realizable wave digital
algorithm. Some efforts have been made to ﬁnd such reference circuits for many prominent
PDEs, such as those describing ﬂuid dynamics, electromagnetic ﬁelds, neutron diffusion, etc.,
cf. [4] and the references therein. However, the derivations given in the literature (if given at all)
usually contain a high degree of intuition. There exist promising approaches for automating the
synthesis of reference circuits for certain classes of nonlinear ordinary and linear PDEs [5, 6].
This paper is intended as a complete and practical guide to nonlinear multidimensional wave
digital models from manual circuit derivation aspects to issues of implementation, retaining a
high level of generality. For obtaining reference circuits, we present a step-by-step procedure,
which although shown here for a speciﬁc example, is in principle applicable to all of the

*Correspondence to: Georg Hetmanczyk, Department of Electrical Engineering and Information Sciences,
Ruhr-University, 44780 Bochum, Germany.
y
E-mail: georg.hetmanczyk@rub.de

Copyright r 2010 John Wiley & Sons, Ltd.

PRACTICAL GUIDE TO MULTIDIMENSIONAL WAVE DIGITAL ALGORITHMS

155

aforementioned PDEs. The differential operator notation from [7] is introduced together with
some useful properties, to greatly alleviate the notation compared with the conventional
approach. We take the example of a spatially one-dimensional viscous Newtonian ﬂuid [8–12].
The corresponding set of PDEs has moderate complexity, is nontrivial due to its nonlinearity
and covers all the aspects stressed in the step-by-step approach. As an improvement to the work
of Fettweis and Mengel [11, 12], we obtain an internally lossless reference circuit.
As a numerical example, we take the well-known shock tube problem [13]. In the frictionless
case, sophisticated numerical integration techniques are required as the solution contains
discontinuities, violating assumptions of the theory of linear multistep (LMS) methods. The
trapezoidal rule is commonly used in context of the wave digital method due to its superior
properties [14]; however, in this case it produces unwanted oscillations that render the solution
useless. Consideration of friction can partly suppress the oscillations for sufﬁciently small step
sizes [12]. Here, we follow the approach of Hetmanczyk and Ochs [15] in greater detail and show
how to implement arbitrary passive LMS methods in multidimensional wave digital models. For
the shock tube problem, we demonstrate that regardless of the presence of friction, oscillations
are suppressed when the second-order accurate Gear method is used, and that the
computational effort can be drastically reduced compared with the former approach.
The remainder of the paper is organized as follows. We start with a brief motivation for
passive modeling in Section 2. The general inductance and its special differential form are
recapitulated in Section 3, and a differential operator is introduced together with some useful
properties. The coordinate transformation used to achieve multidimensional causality and
passivity is covered in Section 4. In Section 5, the ﬂuid dynamic PDEs under consideration are
brieﬂy introduced. We present the step-by-step procedure and derive the reference circuit for the
ﬂuid dynamic equations in Section 6. Afterwards, wave digital realizations are discussed in
Section 7, where we place special emphasis on the approximation of an inductance and the
generalization from the trapezoidal rule to arbitrary passive LMS methods. The wave digital
algorithm for the ﬂuid dynamic equations is given in Section 8 together with a program ﬂow
diagram and a discussion of speciﬁc implementation issues. In Section 9, initial and boundary
conditions are brieﬂy discussed, and numerical examples are given in Section 10. Finally,
conclusions are drawn in Section 11.

2. A MOTIVATION FOR PASSIVE MODELING
The wave digital concept exploits the fact that arbitrary compositions of passive systems again
result in passive systems, which are known to possess good stability properties [16]. Moreover,
wave digital models preserve the stability and satisfy a catalog of robustness criteria, even under
ﬁnite word length conditions [3]. Such a feature is not only important for long-term simulations,
but speciﬁcally in feedback systems, e.g. when the wave digital model acts as an observer [17].
For compositions of stable systems, the situation is different. Consider the simple example of
Figure 1, where an FIR ﬁlter is involved in a feedback loop with a system consisting of a
multiplier r whose absolute value is smaller than 1. Both systems are obviously asymptotically
stable. However, the resulting system is unstable for 0.5oro1, which can be veriﬁed by
computing poles of the resulting transfer function or, for instance, the step response. As
opposed to passive systems, stability properties need to be reassessed. We emphasize that this
can be particularly difﬁcult for nonlinear systems.

(a)

(b)

(c)

Figure 1. (a) FIR-ﬁlter (asymptotically stable) and (b), (c) unstable due to feedback even for 0.5orp1.
Copyright r 2010 John Wiley & Sons, Ltd.
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3. GENERAL INDUCTANCE
3.1. Introduction
When synthesizing an electrical circuit for a given set of differential equations, differential
expressions of a variant and nonlinear nature may have to be regarded. Even then, the circuit
should model physically passive components in a passive manner. This demand motivates the
deﬁnition of a general inductance [4, 18]. It can be derived by a composition of an energy neutral
transformer, whose turns ratio nX0 reﬂects any variability, and a constant inductance L0, see
Figure 2. Evidently, passivity is guaranteed if and only if L0X0. Using the equations
di0
; u ¼ u0 n and i ¼ i0 =n;
ð1Þ
u 0 ¼ L0
dt
the voltage–current relationship can be formulated as
pﬃﬃﬃ d pﬃﬃﬃ
u ¼ L ð LiÞ;
ð2Þ
dt
where L 5 n2L0. The power and energy thus read
pﬃﬃﬃ d pﬃﬃﬃ
1 d 2
1
ðLi Þ and E ¼ Li2 ;
ð3Þ
p ¼ Li ð LiÞ ¼
dt
2 dt
2
and an inductance of form (2) is passive if and only if LX0. As indicated in [4], this is not the
case for other deﬁnitions such as u ¼ Ldi=dt or u ¼ dLi=dt; therefore, we use the form (2)
throughout this paper. A capacitance can be treated in the same way with interchanged roles of
u and i.
Usually, the differential expressions of a given set of differential equations are not of the form
(2) and have to be reformulated. One possibility is to solve the equation
pﬃﬃﬃﬃﬃﬃﬃﬃ d pﬃﬃﬃﬃﬃﬃﬃﬃ
d
ð4Þ
f ðiÞ gðiÞ ¼ LðiÞ ð LðiÞiÞ;
dt
dt
which leads to
Z
2 g
dg
LðiÞ ¼ 2
dt and g0 ¼ gðiðt0 ÞÞ
if ðiÞ dg with dg ¼
ð5Þ
i g0
dt
under the assumption E(t0) 5 0, i.e. the initial energy of the inducance vanishes. The integral in
(5) needs if(i) to be represented as a function of g. For the special case g(i) 5 i and f(i) 5 im we
obtain
rﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
rﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ !
2im
2im d
2im
m di
¼
i:e: i
LðiÞ ¼
i :
ð6Þ
dt
m12
m12 dt
m12
Evidently, the form (2) may easily lead to bulky expressions. We therefore introduce a
differential operator that greatly alleviates the notation, and discuss some useful properties in
order to simplify the reformulation of differential expressions.
3.2. A generalized differential operator
For application to PDEs, the results presented are generalized to multiple coordinates by
substituting d=dt with any partial derivative, e.g. @=@x. Furthermore, we use the differential

Figure 2. Representation of a general inductance as a composition of an ideal transformer and a constant
inductance.
Copyright r 2010 John Wiley & Sons, Ltd.
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operator
Dx fL; ig ¼

pﬃﬃﬃ @ pﬃﬃﬃ
L ð LiÞ
@x

ð7Þ

for the remainder of this paper, where x indicates the respective coordinate. The operator
speciﬁes the voltage of a general inductance in the above context, and may of course be used to
describe general capacitances as well.
Most of the properties presented in the following are commonly used in the context of the
general inductance, cf. [4]; however, we place emphasis on the usage of (7). With this operator,
differential expressions can directly be rewritten as:
@i
¼ Dx f1; ig ¼ 2Dx fi; 1g:
ð8aÞ
@x
Moreover, the following rules are essential for the manipulation of differential expressions:
pﬃﬃﬃ
pﬃﬃﬃ
ð8bÞ
Dx faL; ig ¼ aDx fL; aig;
i
Dx fL; ig ¼ Dx f1; Lg1LDx f1; ig;
2

ð8cÞ

1
ð8dÞ
Dx fL; ig ¼ ðLDx f1; ig1Dx f1; LigÞ:
2
Proof of the above relationships is obtained with the deﬁnition (7) and manipulations involving
the product rule and chain rule. The differential operator exhibits homogeneity in both
arguments,
@a
aDx fL; ig ¼ Dx faL; ig ¼ Dx fL; aig for
¼ 0;
ð8eÞ
@x
as well as additivity,
Dx fL1 ; ig1Dx fL2 ; ig ¼ Dx fL1 1L2 ; ig

and

Dx fL; i1 g1Dx fL; i2 g ¼ Dx fL; i1 1i2 g;

ð8fÞ
ð8gÞ

which is veriﬁed using (7) and the identity (8c). Linearity in both arguments follows. We also
consider a linear combination of differential operators
aDx1 fL; ig1bDx2 fL; ig ¼ Dx12 fL; ig with Dx12 ¼ ½aDx1 1bDx2 ;
ð8hÞ
where a and b are constant and Dx12 refers to a new coordinate direction. This is needed for
achieving multidimensional causality in Section 4. In Figure 3, electrical representations of some
of the above rules are given, which are useful for direct circuit manipulations.
Finally, we consider a coupling of two differential equations. The involved terms should be of
the symmetric form
u1 ¼½Dx1  Dx2 fL; i2 g ¼ Dx1 fL; i1 1i2 g1Dx2 fL; i1  i2 g1½Dx1 1Dx2 fL; i1 g;
u2 ¼½Dx1  Dx2 fL; i1 g ¼ Dx1 fL; i2 1i1 g1Dx2 fL; i2  i1 g1½Dx1 1Dx2 fL; i2 g;

ð8iÞ

which is commonly realized by the two-port in the last row of Figure 3. Its advantage lies in a
very efﬁcient implementation in the ﬁnal algorithm, presented later in this paper. Notice that the
occuring negative inductances need to be combined with positive inductances of high enough
value to achieve internal passivity of the circuit.

4. COORDINATE TRANSFORMATION
As a fundamental requirement, a physical model described by given PDEs exhibits causality
with respect to the time variable t. Attempting to obtain a reference circuit using the given
coordinates usually leads to general inductances with associated differential operator Dt and
ones associated with a purely spatial direction, e.g. Dx . However, causality is not given for
spatial coordinates. As the concept of passivity is based on causality, we require the physical
Copyright r 2010 John Wiley & Sons, Ltd.
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Figure 3. Electrical interpretations for expressions involving the differential operator D.

(a)

(b)

(c)

Figure 4. (a) Physical causality; (b) physical causality and ﬁnite propagation speed v1 5 Dx/Dt (which is
assumed to be constant in the diagram for simplicity); and (c) multidimensional causality.

system to be causal with respect to all coordinates it is described in. This can be achieved for
systems with ﬁnite propagation speed, using the transformation approach [4] presented in this
section.
Physical causality is illustrated in Figure 4(a): the domain of action A of a point P with
spatial coordinate xP and temporal coordinate tP encompasses all coordinates with tptP, the
domain of reaction R is given by tXtP. This implies the possibility of inﬁnite propagation speed,
which is a contradiction to the principle of action at proximity. A realistic physical model should
imply ﬁnite propagation speed, as information needs time to overcome a spatial distance. This is
illustrated in Figure 4(b) for a constant propagation velocity. Figure 4(c) depicts
multidimensional causality: Coordinates are chosen such that the domains of action A and
reaction R are given by:
A ¼ ft1 pt1P ; t2 pt2P g

and

R ¼ ft1 Xt1P ; t2 Xt2P g:

ð9Þ

Each of the new coordinates now has the meaning of time. It is evident that the domains in
Figure 4(b) can be mapped bijectively to the ones in Figure 4(c) by scaling the time coordinate
and applying a rotation.
In the following, we assume k old coordinates comprised of k1 spatial coordinates
x1,y,xk1 and the time coordinate t. We further assume k0 new time coordinates t1,y,tk0 , with
k0 Xk. The case k0 >k is useful for later discretization and can be interpreted as embedding into a
Copyright r 2010 John Wiley & Sons, Ltd.
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higher-dimensional system [2]. The warped time variable
dxk
40;
ð10Þ
xk ¼ xk ðtÞ; vk ðtÞ ¼
dt
can be a function adapting to a possibly variant propagation speed (as in the case of ﬂuid
dynamic problems). The vectors of coordinates are deﬁned by:
x ¼ ½x1 ; . . . ; xk T

and

t ¼ ½t1 ; . . . ; tk 0 T :

The old and new coordinates are related by a linear transformation
1
x ¼ v0 Ht; t ¼ HR x;
v0

ð11a; bÞ

ð12a; bÞ

0

with transformation matrix H 2 Rk;k and a suitably chosen right inverse HR. The constant
scaling factor v0 is positive and ensures proper physical dimensions. We further introduce the
vectors of frequency variables with respect to the old and new coordinates,
px ¼ ½px1 ; . . . ; pxk T

and

pt ¼ ½pt1 ; . . . ; ptk0 T ;

ð13a; bÞ

for which the following relationships hold:
pTx x ¼ pTt t

and

pt ¼ v 0 H T px :

ð14a; bÞ

As we will later be interested in the transformation of general inductances, we also formally
deﬁne the generalized differential operators according to (7),
pﬃﬃﬃ @ pﬃﬃﬃ
Dx ¼ ½Dx1 ; . . . ; Dxk T with Dxk fL; ig ¼ L
ð LiÞ; k ¼ 1; . . . ; k and
ð15aÞ
@xk
pﬃﬃﬃ @ pﬃﬃﬃ 
Dt ¼ ½Dt1 ; :::; Dtk0 T with Dtk fL; ig ¼ L
ð15bÞ
Li ; k ¼ 1; . . . ; k 0 :
@tk
The temporal differential operator is transformed by
pﬃﬃﬃ @ pﬃﬃﬃ
@ dxk @
¼
i:e: Dt fL; ig ¼ L
Li ¼ vk ðtÞ Dxk fL; ig;
@t
@t
dt @xk

ð16Þ

cf. (10). Moreover, using the respective Jacobian of the transformations (12) and regarding the
results in Section 3.2, we ﬁnd the relation between the differential operators
1
Dx ¼ HRT Dt ; Dt ¼ v0 HT Dx :
ð17a; bÞ
v0
The above formulas serve for the transformation of the PDEs at hand. In particular, (17a) is
used to express old differential operators by the new ones.

5. SPATIALLY ONE-DIMENSIONAL EQUATIONS OF A FLUID
The spatially one-dimensional equations of a ﬂuid with velocity v, pressure p, mass density r,
internal energy density ei and negative stress w read, in a commonly used form, as follows:


@v
@v
@p
@w
1v
¼ f with f ¼  ;
ð18aÞ
r
1
@t
@x
@x
@x
@ei @vei
@v
1
1p ¼ qf
@x
@t
@x

with qf ¼ w

@r @vr
1
¼ 0;
@t
@x

@v
;
@x

ð18bÞ
ð18cÞ

@v
¼ 0:
ð18dÞ
@x
In the above, (18a) describes conservation of impulse and is known as Navier–Stokes equation,
furthermore (18b) and (18c) describe conservation of internal energy and mass, respectively. The
w1Z
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term f models friction and the term qf models the corresponding generated internal power. We
assume a Newtonian ﬂuid, which results in the fourth equation (18d) for w. There Z is the dynamic
viscosity, Z>0. Using (18d) in the right equation of (18b), the term qf can be rewritten as:
qf ¼

w2
:
Z

ð18eÞ

Finally, a thermodynamic state equation is needed to complement the above differential
equations. Throughout this paper, we assume an ideal gas
p
with 1ogi o2;
ð18fÞ
ei ¼
gi  1
where gi is the isentropic coefﬁcient. The above relationship is used to eliminate ei in (18b),
remaining with four differential equations for the unknowns v, p, r and w, which we refer to as
ﬁeld quantities.

6. REFERENCE CIRCUIT FOR THE FLUID DYNAMIC EQUATIONS
The reference circuit for the ﬂuid dynamic equations without friction is given in [9], the one
regarding friction in [12]. In this section, our aim is to present a clear and structured derivation,
greatly beneﬁting from the differential operator (7) and its properties. It is written as a step-bystep guide including all essential aspects for many further types of PDEs, including Maxwell’s
equations and neutron diffusion.
6.1. Ensure that the PDEs are of ﬁrst order and of hyperbolic type
As inductances and capacitances in a reference circuit reﬂect ﬁrst-order differential expressions,
the PDEs to start with should also be in ﬁrst-order form. This is often given directly from the
physical derivation, as in the case of the ﬂuid dynamic equations. In other instances, higherorder differential equations need to be rewritten as several ﬁrst-order equations by introducing
additional ﬁeld quantities.
We say that the PDEs are of hyperbolic type, if the underlying physical model implies ﬁnite
propagation speed of all phenomena. As indicated above, this is a fundamental requirement of
the wave digital method, as it is necessary for achieving multidimensional causality, and thus,
multidimensional passivity. Equation (18d) is not hyperbolic as it does not contain any
derivatives with respect to time (it is of parabolic type). The common approach is to supplement
an additional term making it hyperbolic, e.g.
@w w @v
lf
1 1 ¼ 0; lf 40 const:
ð19Þ
@t Z @x
The constant lf is a parameter to be speciﬁed suitably later on. Evidently, the larger its value, the
larger is the deviation from the original model. A value too small will result in an unnecessarily
high computational effort. More speciﬁcally, as lf-0 the parabolic case is approached, meaning
that the propagation speed tends to inﬁnity, which implies a vanishing time progress in the ﬁnal
integration algorithm.
Despite the above modiﬁcation for hyperbolization, the overall model should still
preserve energy. Therefore, we keep qf in the left equation of (18b) for the following
derivations and specify it later with help of the electric interpretation, in a way that the resulting
circuit is lossless. We emphasize that this possibility is a key advantage of the electric
interpretation.
6.2. Obtain differential terms interpretable as general reactive elements
Particularly for nonlinear problems, this step is probably the most difﬁcult to complete, as
there exist no general procedures. The PDEs are reformulated in a mostly non-obvious
Copyright r 2010 John Wiley & Sons, Ltd.
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manner to obtain differential terms of form (2). Even though this part of the derivation is
problem-dependent, the ﬂuid dynamic equations are an instructive example to present some
methods of reformulation.
Equation (18a) can be rewritten to express conservation of kinetic energy, and this form is
more suited for deriving a reference circuit due to its strong analogy to (18b). The form is
obtained by adding (18a) multiplied by v to (18c) multiplied by 12 v2 and subsequently using the
product rule, leading to
@e @ve
@p
@w
1
1v
¼ v
@t @x
@x
@x

where e ¼ 12 rv2

ð20Þ

is the kinetic energy per unit volume. The overall set of equations now represents the
conservation of quantities proportional to energy. Denoted with the differential operator (7), it
has the form


Dt f1; 12 rv2 g 1 Dx 1; v 12 rv2 1 vDx f1; pg 1 vDx f1; wg ¼ 0;
Dt f1; ei g

1 Dx f1; vei g

Dt f1; rg

1 Dx f1; vrg

Dt f1; lf wg

1

1 pDx f1; vg

¼ qf ;
¼ 0;

w
Z

1 Dx f1; vg

¼

0:

The objective is an interpretation of the above PDEs as loop equations involving general
inductances.z For this aim, all variant prefactors of differential operators need to be eliminated,
and only four different expressions may occur as second argument of the differential operators,
which will be interpreted as loop currents and represent state variables of the circuit. From these
electrical state variables, the ﬁeld quantities v, p, r and w need to be uniquely determinable. An
additional property to achieve is the symmetry of coupling terms in the ﬁrst argument, as it leads
to the simple reciprocal coupling structure given in the last row of Figure 3. We aim at the state
pﬃﬃﬃﬃ pﬃﬃﬃﬃ pﬃﬃﬃ
pﬃﬃﬃﬃ
variables v p , p , r and w p , which prove to work well for the present purpose. Note that
p>0 and r>0 due to physical reasons. As a preparation, we make use of the relationship (8a)
and perform several expansions with the term p/p, which will be splitted among the ﬁrst and
second argument of the differential operator:
Dt

r 2
v p; 1
p

1 Dx

vr 2
v p; 1
p

1 vDx f2p; 1g

ei
p; 1
p

1 Dx

2vei
p; 1
p

 Dx 2

Dt 2

Dt f2r; 1g
Dt

lf
p; w
p

1
1

pv
p; 1
p

Dx f2rv; 1g
w
Z

1 vDx

1
p; w
p

1 Dx f2p; vg

¼ 0;

¼ qf ;
¼ 0;

1

Dx

1
p; v
p

¼ 0:

Special attention is required for the second equation, where (8c) was used to split pDx f1; vg. In
the resulting equation, the second and third term are combined using (8f). We now apply (8b)
pﬃﬃﬃﬃ pﬃﬃﬃﬃ pﬃﬃﬃ
pﬃﬃﬃﬃ
and divide the equations by v p, p, r and p, respectively, to eliminate the generated
z

An interpretation as node equations involving general capacitances is also possible; for some applications a
combination of both approaches may be feasible.

Copyright r 2010 John Wiley & Sons, Ltd.

Int. J. Numer. Model. 2011; 24:154–174
DOI: 10.1002/jnm

162

G. HETMANCZYK AND K. OCHS

prefactors. As a result, we obtain a set of equations with the desired structure,
pﬃﬃﬃﬃ
r pﬃﬃﬃﬃ
vr pﬃﬃﬃﬃ
1 pﬃﬃﬃﬃ
; v p 1 Dx
;v p
1 Dx f2; pg 1 Dx
;w p
¼ 0;
Dt
p
p
p
pﬃﬃﬃﬃ
2ei pﬃﬃﬃﬃ
2vðei  pÞ pﬃﬃﬃﬃ
qf
; p 1 Dx f2; v pg
Dt
; p 1 Dx
¼ pﬃﬃﬃﬃ ;
p
p
p
n pﬃﬃﬃo
pﬃﬃﬃ
1 Dx 2v; r
Dt f2; rg
¼ 0;
Dt

lf pﬃﬃﬃﬃ
;w p
p

1

1 pﬃﬃﬃﬃ
w p
pZ

1 Dx

1 pﬃﬃﬃﬃ
;v p
p

¼ 0:

Coupling terms are given in the third and fourth column, exhibiting the formerly mentioned
symmetry in the ﬁrst argument.
6.3. Normalize dependent variables
Generally, the state variables are represented by voltages and currents in the reference circuit. It
is thus important to normalize them to an appropriate physical dimension, such that they can be
coupled with the Kirchhoff laws. As we will see later on, proper normalization also allows for
optimizing the resulting circuit. Regarding the above reformulation of equations, we deﬁne
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
i1 ðx; tÞ ¼ a1 ðtÞvðx; tÞ pðx; tÞ; i2 ðx; tÞ ¼ a2 ðtÞ pðx; tÞ;
ð21Þ
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
i3 ðx; tÞ ¼ a3 ðtÞ rðx; tÞ;
i4 ðx; tÞ ¼ a4 ðtÞwðx; tÞ pðx; tÞ;
with time-variant scale functions fulﬁlling an>0, with n 5 1,y,4. To preserve the form (2) of
general inductances upon substitution of p
theﬃﬃﬃ state variables, in each equation we divide by the
respective scale function an, use (8b) with a ¼ 1=an for the ﬁrst term and the homogeneity (8e)
for the following terms. The result reads
r
vr
2
1
; i4
Dt 2 ; i1 1 Dx 2 ; i1
; i2 1 Dx
1 Dx
¼ 0;
a1 a2
a1 a4 p
a1 p
a1 p
2ei
2vðei  pÞ
2
qf
; i1
; i2 1 Dx
¼ pﬃﬃﬃﬃ ;
Dt 2 ; i2 1 Dx
2
a1 a2
a2 p
a1 p
a2 p
Dt
Dt

2
; i3
a23
lf
; i4
a24 p

1 Dx
1

2v
; i3
a23

1
i4
a24 pZ

¼ 0;
1

Dx

1
; i1
a1 a4 p

¼ 0:

6.4. Apply the coordinate transformation
At this stage, the system is transformed to obtain multidimensional causality and passivity. We
adopt the notation of (11) and introduce the time scale by using (16). To preserve the form (2),
we divide by v2(t) and use (8e). We choose the commonly used transformation matrix
1 1 1
1 1
;
ð22a; bÞ
H¼
; HR ¼ H1 ¼
1 1
2 1 1
cf. [2], and set v0 5 1 for practical reasons, as this constant is in fact only relevant for theoretical
considerations and yields no additional degree of freedom.y By making use of the abbreviations




r
v
ei  ðei  pÞv=v2
1
v
lf
l1 ¼ 2
1
; l3 ¼ 2 1 
; l2 ¼
; l4 ¼ 2 ;
v2
v2
a22 p
2a4 p
2a1 p
a3
1
1
1
qf
pﬃﬃﬃﬃ ;
;
r24 ¼ 2
;
l14 ¼
;
q24 ¼
l12 ¼
a1 a2 v 2
2a1 a4 v2 p
a2 v 2 p
a4 v2 pZ
y

This choice leads to equal units for x and t.
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the result has the following form:
Dx2 fl11 1l1 ; i1 g
Dx2 fl21 1l2 ; i2 g

1 Dx1 fl11  l1 ; i1 g 1 2Dx1 fl12 ; i2 g 1 2Dx1 fl14 ; i4 g ¼ 0;
1 Dx1 fl21  l2 ; i2 g 1 2Dx1 fl12 ; i1 g
¼ q24 ;

Dx2 fl31 1l3 ; i3 g

1 Dx1 fl31  l3 ; i3 g

2Dx2 fl4 ; i4 g

1 r24 i4

¼ 0;
2Dx1 fl14 ; i1 g ¼ 0:

1

The differential operators are substituted with (17a) and sorted using (8f) and (8h). We now
have the ﬁnal result
Dt1 fl11 ; i1 g 1 Dt2 fl1 ; i1 g 1 ½Dt1  Dt2  fl12 ; i2 g 1 ½Dt1  Dt2  fl14 ; i4 g
Dt1 fl21 ; i2 g 1 Dt2 fl2 ; i2 g 1 ½Dt1  Dt2 fl12 ; i1 g

¼ 0;
¼ q24 ;

ð23aÞ
ð23bÞ

Dt1 fl31 ; i3 g 1 Dt2 fl3 ; i3 g

¼ 0;

ð23cÞ

¼ 0;

ð23dÞ

Dt1 fl4 ; i4 g

1 Dt2 fl4 ; i4 g

1 ½Dt1  Dt2 fl14 ; i1 g

1 r24 i4

suitable for deriving a multidimensionally causal and passive reference circuit, from which a
computable wave digital algorithm can be obtained.
6.5. Find reference circuit
Equation (23) can now be interpreted as loop equations involving general inductances. By
construction, the currents i1 and i2 are coupled by the same inductance l12, ½D1  D2  in both
(23a) and (23b). A similar situation holds for the currents i1 and i4 in (23a) and (23d). This type
of coupling can be realized with the two-port given in the last row of Figure 3, which has a
highly beneﬁcial wave digital realization presented later on. It exhibits two negative inductances,
which have to be combined with positive inductances in the respective loop equation to obtain
internal passivity.
Determination of the term q24 is now in order. The term r24i4 in (23d) represents the voltage
of a resistance r24, which reﬂects the effect of friction. To achieve losslessness of the overall
circuit, q24 was formerly interpreted as a controlled voltage source [12], cf. Figure 5(a), which
feeds the power dissipated by the resistance r24:
!

r24 i24  q24 i2 ¼ 0

)

qf ¼

w2
:
Z

ð24Þ

This result coincides with the classical expression (18e). Indeed, for lf-0, the power supplied
is the power mechanically dissipated. A disadvantage of this realization is that the losslessness is
only given externally, as a source is involved. We therefore suggest the realization of
Figure 5(b), which features a nonlinear gyrator and is internally lossless.
The overall circuit is depicted in Figure 6, where each of the loops represents one of the
formulas (23a–d). There, the inductances are given by:
lv ¼ l1  l12  l14 ; lp ¼ l2  l12 ; lr ¼ l3 ; lw ¼ l4  l14 :
6.6. Circuit optimization and passivity considerations
There are six degrees of freedom in the derived circuit, an with n 5 1,y, 4, lf and v2. The
standard approach is now to derive inequalities for the parameters from multidimensional
causality and internal multidimensional passivity constraints, and then attempt to optimize the

(a)

(b)

Figure 5. Realization of the friction terms: (a) with resistance and source and (b) internally lossless.
Copyright r 2010 John Wiley & Sons, Ltd.
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Figure 6. Reference circuit for the ﬂuid dynamic equations.

circuit in the sense that the time scale v2(t) is minimized, while as many elements as possible are
eliminated.
In the present case, this procedure leads to intractable expressions. Therefore, we adopt the
opposite way and eliminate a2, a3 and a4 by simplifying the circuit, keep lf as a design parameter
for hyperbolization, and obtain simple restrictions for the remaining two parameters by
passivity considerations.
First, we choose a3 5 1 as it has no inﬂuence on any coupling terms. Next, the inductance lw
can be eliminated
lw ¼ 0

,

l4 ¼ l14

,

a 4 ¼ a 1 v 2 lf :

ð25Þ

Note that this is not possible for lp7 as l27 is spatially variant, while l12 is not. A similar
situation holds for lv7. We eliminate one more degree of freedom by choosing l12 to be constant
l12 ¼ 1

,

a2 ¼

1
:
a1 v 2

ð26Þ

Now, all normalized inductances are dimensionless. For this reason, we introduce the
abbreviation
pf :¼

1
1
¼ 2 2
2a1 a4 v2 2a1 v2 lf

)

l14 ¼

pf
;
p

ð27Þ

which we use instead of a1. The element values have the ﬁnal form


v22 lf pf r
v
pf
1
v
1
ei  ðei  pÞ
lv ¼
 1  ; lp ¼
 1;
p
v2
2lf pf p
v2
p
v
pf
w
:
lr ¼ 1  ; l12 ¼ 1; l14 ¼ ; rf ¼
v2
lf v2 Zp
p

ð28Þ

Next, we obtain conditions for the time scale by requiring internal multidimensional
passivity. We start with
lv X0

and

lr X0

,

v22  vv2 

p1pf
X0
lf p f r

and

v2 Xv:

ð29Þ

The inequalities have to be satisﬁed in the whole computation domain. Therefore, we
introduce the global extremal values
vmax ðtÞ ¼ max jvðx; tÞj;
x

Copyright r 2010 John Wiley & Sons, Ltd.

pmax ðtÞ ¼ max pðx; tÞ;
x

rmin ðtÞ ¼ min rðx; tÞ;
x

ð30Þ
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to write down a sufﬁcient condition for multidimensional passivity
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vmax
v2
pmax 1pf
1 max 1
:
v2 ðtÞX
2
4
lf pf rmin
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ð31Þ

The condition is, in general, not necessary as the extremal values may not occur simultaneously
at the same spatial coordinate. In the above, we assume the condition v2X^v for multidimensional
causality is satisﬁed, where v^ is the maximum propagation velocity of the hyperbolized system,
cf. [4]. To establish a condition for pf, we regard ei– p40 due to (18f) and require
ei  2lf pf p
v
X :
ð32Þ
lp X0 ,
ei  p
v2
A sufﬁcient condition for pf assuming v2Xvmax is then
2lf pf p1:

ð33Þ

All other inductances in the reference circuit are nonnegative without further restrictions. It
remains to choose an optimal value for lf: The larger the value, the more severe is the inﬂuence
of hyperbolization and thus the deviation from the original set of PDEs. The smaller the value,
the larger v2 has to be chosen, cf. (31), which increases computation time.

7. WAVE DIGITAL REALIZATIONS
Conservation of energy in the physical model is reﬂected by the circuit of Figure 6 as it contains
lossless elements throughout. The circuit serves as a feasible decomposition of the original set of
PDEs, in the way that the elements can be substituted by known wave digital realizations [19],
which preserve the passivity element-wise. Beside the well-known robustness features [4], the
resulting wave digital algorithm is semi-explicitly computable, i.e. it is explicitly computable
except for the resolution of nonlinearities, while this resolution can be performed for each grid
point individually.
For each port of an element, wave quantities a and b are used instead of u and i. Throughout
this paper, we use power waves
u1Ri
u  Ri
a ¼ pﬃﬃﬃ ; b ¼ pﬃﬃﬃ ;
ð34Þ
2 R
2 R
with positive port resistance R. The nonreactive (algebraic) elements appearing in the presented
circuit are series connections, the gyrator and Jaumann-structures. The reactive part,
representing the differential expressions, is composed of general inductances. In the
following, we brieﬂy touch upon the wave digital realization of a differential transformer,
which is a generalization of a Jaumann structure, since it is not consistently covered in the
literature as opposed to the other elements [19]. Afterwards, we focus on the general inductance
and revisit the approach of [15] as a generalization of the usual approximation by the
trapezoidal rule.
7.1. Realization of a differential transformer
The differential transformer of Figure 7(a) with positive parameter m is a Jaumann structure for
m 5 1. Its notation varied over the years, but now seems to have reached consent. For the special
choice of port resistances
R1 ¼ ðm11ÞR; R3 ¼ R;
R2 ¼ mðm11ÞR; R4 ¼ mR;

ð35Þ

the relationship in terms of waves is particularly simple:
b1 ¼ aa3 1ba4 ; b3 ¼ aa1  ba2 ;
b2 ¼ ba3 1aa4 ; b4 ¼ ba1 1aa2 ;
Copyright r 2010 John Wiley & Sons, Ltd.
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(a)

(b)

Figure 7. (a) Differential transformer and (b) differential adaptor.

where we have introduced the parameters
1
a ¼ pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ ;
m11

rﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
m
b¼
with a2 1b2 ¼ 1:
m11

ð37Þ

The resulting wave digital equivalent is called differential adaptor [11], its symbol is shown in
Figure 7. Numbering of ports is uniquely determined by the position of the dot and bold line.
The designation of m is usually omitted for m 5 1. The element is particularly useful for the
realization of coupling terms as in the last row of Figure 3, since for the choice of port
resistances given above, all ports are reﬂection free, and ports 1 and 2 as well as 3 and 4 are
decoupled.
7.2. Realization of an inductance
Reactive elements, such as the general inductance, express differential relations and thus need to
be approximated for discretization. In the following, we consider a constant, but multidimensional inductance similar to (1),
@
~{0 ðtÞ; L0 40; const:
u~ 0 ðtÞ ¼ Dtk fL0 ; ~{0 ðtÞg ¼ L0
ð38Þ
@tk
As in Figure 2, we regard variability separately with a transformer, which can later be
implemented very easily in terms of waves.
7.2.1. Approximation with the trapezoidal rule. Within the wave digital concept, approximation
of differential expressions is usually done with the trapezoidal rule due to its superior stability
and accuracy properties [14]. Applied to the multidimensional inductance deﬁned by (38), it
reads [4]
2L0
½ ~{0 ðtÞ  ~{0 ðt  Tk Þ;
u~ 0 ðtÞ1 u~ 0 ðt  Tk Þ ¼
ð39Þ
T
where we have expressed a step with size T along tk by the shift vector Tk ¼ek T , with ek being a
unit vector of proper dimension. In the above, we have denoted the approximated quantities in
the same way as the exact ones. For implementation of the ﬁnal algorithm, the original
coordinates (11a) are more suited as independent variables, since these are the coordinates in
which the original problem is given, including initial and boundary conditions. Using
u0 ðxÞ ¼ u~ 0 ðtÞ and i0 ðxÞ ¼ ~{0 ðtÞ, the approximation (39) can be reformulated as
2L0
½i0 ðxÞ  i0 ðx  Xk Þ;
u0 ðxÞ1u0 ðx  Xk Þ ¼
ð40Þ
T
where we have expressed the shift vector by
Xk ¼ v0 HTk ¼ hk X
Copyright r 2010 John Wiley & Sons, Ltd.

with X ¼ v0 T ;

hk ¼ Hek ;

ð41Þ
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(c)

Figure 8. (a) General inductance; (b) decomposition into a transformer with variant turns ratio n and a constant
inductance; and (c) wave digital realization using the trapezoidal rule, expressed in original coordinates.

cf. (12a). In the above, hk is the column k of H. Choosing a suited port resistance, the
trapezoidal rule leads to a particularly simple relationship in wave variables,
b0 ðxÞ ¼ a0 ðx  Xk Þ with R0 ¼

2L0
:
T

ð42Þ

Along with the electrical representations, the resulting wave ﬂow diagram for the general
inductance including variability is depicted in Figure 8. Owing to the usage of power waves, the
transformer can directly be incorporated into the port resistance without further modiﬁcations,
i.e. R 5 n2R0 5 2L/T is used. The realization clearly exhibits a cause–effect relation and is, in
contrast to (40), explicit. Note that applying the trapezoidal rule to a constant multidimensional
capacitance deﬁned in analogy to (38) leads to b0 ðxÞ ¼ a0 ðx  Xk Þ with R0 5 T/(2C0), and a
transformer regarding variability can be incorporated in the same way.
Separation of the variability allows for a frequency domain description, for which we
substitute, cf. (13),
T

u0 ðxÞ ¼ U0 epx x

and

T

i0 ðxÞ ¼ I0 epx x ;

ð43Þ

with the complex amplitudes U0 and I0. Using the relationships (14b) and (41), we ﬁnd
pTx Xk ¼ v0 pTx Hek T ¼ ptT ek T ¼ ptk T

ð44Þ

and thus the shifted signals have the form
u0 ðx  Xk Þ ¼ u0 ðxÞeptk T

and

i0 ðx  Xk Þ ¼ i0 ðxÞeptk T :

ð45Þ

As a result, an inductance approximated with the trapezoidal rule (40) is then described by
U0 5 Z0I0 with the impedance
Z0 ðck Þ ¼ ck R0 ;

R0 ¼

2L0
;
T

ð46Þ

where we have made use of the complex equivalent frequency variable


1  eptk T
ptk T
ck ¼
¼ tanh
:
2
11eptk T

ð47Þ

The obtained relationship implies the frequency approximation ptk  ð2=T Þck .
Approximation of a respective capacitance leads to Z0(ck) 5 R0/ck with R0 as indicated
before. As (47) maps the left and right half planes of ptk to the left and right half planes of ck,
respectively, stability properties of the continuous system are retained in the discrete
approximation.
7.2.2. Generalization to LMS methods. Obtaining the wave digital algorithm for LMS methods
other than the trapezoidal rule is feasibly performed in the frequency domain [20]. In analogy to
(40), we start from a generalization of the usual time-domain deﬁnition to the multidimensional
case, i.e. the ﬁnite difference scheme
s
X

bs u0 ðx  sXk Þ ¼

s¼0

Copyright r 2010 John Wiley & Sons, Ltd.

s
L0 X
as i0 ðx  sXk Þ;
T s¼0

a0 ¼ 1;

ð48Þ
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(b)

(c)

Figure 9. Approximation of an inductance: Passive 1-step (c 5 0) or 2-step (c40) method, rX0. (a)
Reference circuit; (b) wave digital algorithm; and (c) well-known methods with consistency order q.

where as and bs are real parameters of the method with s steps, assuming that as and bs are not
zero simultaneously. Switching to the frequency domain just as before leads to the characteristic
impedance
Ps
as ð1  ck Þs ð11ck Þss
2L0
Zðck Þ ¼ Ps¼0
;
ð49Þ
R0 with R0 ¼
s
2 s¼0 bs ð1  ck Þs ð11ck Þss
T
which was introduced in [21] for the one-dimensional case. We assume an irreducible method,
i.e. the nominator and denominator have no common zeros. Furthermore, the method is
passive, or synonymously A-stable, if and only if Z(ck) is a Brune-function [20, 22]. The
characteristic impedance of a passive method can be synthesized as an internally passive oneport, which serves as reference circuit for the derivation of a wave digital algorithm. Figure 9
shows an example including parameters for some well-known methods, where q denotes the
consistency order as a measure of accuracy [14]. Degrees of freedom are chosen such that
s 5 q 5 2 for c40 and s 5 1, qp2 for c 5 0. Notice that passive methods cannot exceed q 5 2.
We emphasize that although passive LMS methods are inevitably implicit, the resulting wave
digital algorithm of Figure 9 is explicit. To achieve this, the port resistance of the connecting
port is necessarily equal to Z(1), see [19].

8. WAVE DIGITAL ALGORITHM FOR THE FLUID DYNAMIC EQUATIONS
Figure 10 depicts the complete wave digital algorithm for the ﬂuid dynamic equations
corresponding to Figure 6, using the trapezoidal rule. For the special case (25), the realizations
of the respective inductances can be omitted, as well as the series adaptor realizing Ld if the
series adaptor realizing Lb is chosen to be unconstrainted [19].
Realizations of the reactive elements are shaded in gray. As an example, usage of a two-step
LMS method instead of the trapezoidal rule amounts to substituting each shaded shift/inverter
pair by the wave digital structure of Figure 9(b) together with the transformer regarding
nonlinearity, while retaining the associated coordinate direction.
An abstract view of the algorithm is shown in Figure 11(a), which is comprised of the
nonreactive part, and the reactive part depicted there for the trapezoidal rule. The algorithm
needs to be computed for each point in a space–time grid. This grid is prescribed by the
occurring shift vectors X1 and X2 , and thus by the columns of the transformation matrix H and
the chosen step size, cf. (41). Figure 11(b) depicts the resulting computation scheme: Nodes
indicate the grid points, and arrows indicate the shifting of waves and thus information ﬂow
between the nodes. Owing to the special choice of H, a regular checkerboard sampling is
obtained. Memory storage can be done with two consecutive time layers, holding all nodes in
space for one time instant. In particular, all the nodes in a time layer can be computed
independent of one another by the knowledge of the waves from the previous time layer. The
scheme thus exhibits a massive parallelism, which can efﬁciently be exploited on multicore
processors [23].
Of course, the wave digital algorithm modeling the ﬂuid dynamic equations is nonlinear:
Element values––and thus port resistances––depend on ﬁeld quantities, i.e. on both waves of the
Copyright r 2010 John Wiley & Sons, Ltd.
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Figure 10. Wave digital algorithm for the ﬂuid dynamic equations.

(a)

(b)

Figure 11. (a) Abstract view of the WD algorithm using the trapezoidal rule and (b) resulting space–time
computation scheme.

reactive elements. Referring to Figure 11(a), we can globally describe the nonreactive part by a
scattering matrix
bðxÞ ¼ SðaðxÞ; bðxÞÞ aðxÞ with a ¼ ½aT1 ; aT2 T

and

b ¼ ½bT1 ; bT2 T ;

ð50Þ

where waves are denoted with respect to the nonreactive part, not the reactive elements. The
nonlinearity expresses itself in the dependence of the scattering matrix S on waves. For each
individual node, we resolve the nonlinearity by a multidimensional ﬁxed point iteration
bn ðxÞ ¼ SðaðxÞ; bn1 ðxÞÞ aðxÞ:
ð51Þ
Incident waves a taken from the previous timestep remain ﬁxed, whereas reﬂected waves b are
calculated iteratively.
The complete computation scheme for one node is depicted in Figure 12. Comments on each
block are in order.
1.
2.

Prepare to read/write waves from/to the proper grid points (acquire memory locations).
Waves incident to the algebraic part are obtained, i.e. a from (50). For LMS methods
other than the trapezoidal rule, this involves computing part of the respective wave digital
algorithm, cf. Figure 9(b).

Copyright r 2010 John Wiley & Sons, Ltd.
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Figure 12. Program ﬂow for each individual node.

3.
4.
5.
6.
7.
8.
9.

All element values (28) are computed from ﬁeld quantities, the values of which are taken
from the previous iteration of this node.
All variant intermediate values necessary for evaluation of the algebraic part are
computed, such as port resistances and adaptor coefﬁcients.
Sources that depend on ﬁeld quantities are evaluated in each iteration.
Evaluation of the nonreactive part results in the vector bn of (51) for the iteration v.
Given the port resistances and the vectors a, bv, updated values for the ﬁeld quantities are
computed.
Iteration control is performed using an a posteriori error estimation together with a
predeﬁned error bound.
Upon ﬁnishing the last iteration, the remaining part of the LMS wave digital algorithm is
computed.

9. INITIAL AND BOUNDARY CONDITIONS
The wave digital algorithm as in Figure 10 models the given set of PDEs in the interior of a
predeﬁned computation domain. It needs to be complemented by an algorithm producing the
missing waves at the temporal and spatial boundaries. This usually involves expressing initial
and boundary conditions for the ﬁeld quantities in terms of wave variables. In [24], we have
presented a generic algorithm for the wave initialization of passive LMS methods, which
performs several steps with a one-step method and subsequently employs a state estimation.
Using this algorithm, implementation of initial and boundary conditions is done with a suitable
one-step method, and switching to an arbitrary passive LMS method can then be performed
independent of the physical problem.
In the present case, we use the half-step evaluation [4] for implementation of the initial
conditions, which leads to expressions as
pﬃﬃﬃﬃﬃﬃﬃﬃ
bv1 ðxn Þ ¼  12ð Rv1 i1 Þðxn  X1 =2Þ;
pﬃﬃﬃﬃﬃﬃﬃﬃ
bv ðxn Þ ¼  12ð Rv i1 Þðxn  X2 =2Þ;
ð52Þ
pﬃﬃﬃﬃﬃﬃﬃ
1
b121 ðxn Þ ¼  2ð R12 ½i1 1i2 Þðxn  X1 =2Þ;
pﬃﬃﬃﬃﬃﬃﬃ
b12 ðxn Þ ¼  12ð R12 ½i1  i2 Þðxn  X2 =2Þ
etc. Values on the right-hand side can be computed from initial conditions for v, p, r and w using
(21), the respective scale functions from Section 6.6, the element values (28) and the relationship
R 5 2L/T.
We have implemented a hard boundary using a symmetry argument [10], which imposes the
conditions
vðxb 10; tÞ ¼ vðxb  0; tÞ;
rðxb 10; tÞ ¼ rðxb  0; tÞ;
Copyright r 2010 John Wiley & Sons, Ltd.

pðxb 10; tÞ ¼ pðxb  0; tÞ;
wðxb 10; tÞ ¼ wðxb  0; tÞ:

ð53Þ
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Figure 13. Computation scheme accounting for half-step initialization.

Using the half-step evaluation, this allows the formulation of the missing waves in terms of
already computed waves from inside the computation domain, i.e.
bv1 ðxb Þ ¼  bv ðxb Þ;
b121 ðxb Þ ¼  b12 ðxb Þ;

bp1 ðxb Þ ¼ bp ðxb Þ;

br1 ðxb Þ ¼ br ðxb Þ;

b241 ðxb Þ ¼ b24 ðxb Þ:

ð54Þ

At the left boundary, waves on the left-hand side are missing, and at the right boundary, waves
on the right-hand side are missing, respectively. Figure 13 shows the resulting computation
scheme with a sampling offset of half a step size from the temporal boundary.

10. NUMERICAL EXAMPLES
We adopt the well-known benchmark problem of a shock tube for the frictionless case Z 5 0,
which is deﬁned by the initial conditions
vðx; 0Þ ¼ v0 1ðv1  v0 Þuðx  x0 Þ;
rðx; 0Þ ¼ r0 1ðr1  r0 Þuðx  x0 Þ;

pðx; 0Þ ¼ p0 1ðp1  p0 Þuðx  x0 Þ;

ð55Þ

where u is the unit step function. The analytical solution to this problem is known [13]. It is a socalled weak solution as it contains discontinuities spatially moving with evolving time. This
constitutes a crucial difﬁculty for the numerical integration, as the assumption of continuity for
the theory of LMS methods is violated. This holds also for initialization formulas such as the
half-step evaluation.
The initial values are chosen to be v0 5 v1 5 0, p0 5 105 N/m2, p1 5 104 N/m2, r0 5 1 kg/m3
and r1 5 0.125 kg/m3. Regarding (18d), we obtain w(x,0) 5 0 as remaining initial condition. We
choose pf lf ¼ 12 according to (33) and a hyperbolization constant of lf 5 105, such that the
corresponding term in (31) does not dominate. Furthermore, the step size is X 5 103 m and the
simulation ends at te 5 5  104s. For simplicity, we choose a constant time scale
X ½N  0:5
v2 ¼
;
ð56Þ
te
which regards the half-step initialization. With a number of time steps N 5 1000, the value of v2
satisﬁes (31) according to the analytical solution. For the resolution of nonlinearities via (51),
the wave digital realization corresponding to Figure 5(a) leads to a smaller Lipschitz constant
and thus faster convergence for approximately Zo101 Ns m2 , whereas the realization
corresponding to Figure 5(b) performs better for Z X 101 Ns m2 . As the range of interest is
the former one in this case, we have used the respective realization. The iteration control of
Figure 12 requires at least two iterations per node, and using a relative error bound of e 5 104
for resolving the nonlinearity resulted in an average of 2.2 iterations per node for all of the
following examples.
Figure 14 shows the simulation results for vanishing friction, Z 5 0, using the trapezoidal
rule. It exhibits the known unwanted oscillations due to the discontinuities, which render the
numerical solution useless [10, 12, 15]. In Figure 15, the results are shown for Z ¼ 101 Ns m2
still using the trapezoidal rule. Most of the oscillations are suppressed as the friction softens the
shock. It shall be noted that this is only possible for reasonably high values of Z, or, respectively,
Copyright r 2010 John Wiley & Sons, Ltd.
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Figure 14. Simulation results using the trapezoidal rule, with Z 5 0 (frictionless case).

Figure 15. Simulation results using the trapezoidal rule, with Z ¼ 101 Ns m2 .

Figure 16. Simulation results using the Gear method, with Z 5 0 (1) and Z ¼ 101 Ns m2 (2), respectively.

small enough step sizes X. More speciﬁcally, the width of the softened shock is proportional to Z
[12], and a reduction of Z by a factor of 10 requires the step size to be chosen 10 times smaller to
still suppress oscillations, which increases the overall computational effort by factor 100 as the
number of dimensions is k 5 2 (space and time). Moreover, the contact discontinuity of the
density r still produces oscillations. This was to be expected as the velocity is constant in this
range, such that there is no friction. According to Mengel [12], these oscillations can further be
suppressed by a deeper physical model accounting for heat conduction.
Similar to the approach of Hetmanczyk and Ochs [15], we used the Gear method to obtain
the results of Figure 16. Additional losses are now introduced by the integration method itself,
and oscillations are suppressed regardless of the presence of friction. For the frictionless case,
overshoots occur at discontinuities and there is a small spatial offset of the shock position. This
effect is signiﬁcantly reduced when friction is present. Even though the wave digital algorithm is
more complex using the Gear method, solutions of reasonable quality can be obtained with a
computation time much less than for the trapezoidal rule, as a larger step size can be used. For
the dynamic viscosities Z 5 101 Ns m2 (olive oil), Z 5 102 Ns m2 and Z 5 103 Ns m2
(water), a step size of X 5 103 m can be maintained for suppressing oscillations, whereas in case
of the trapezoidal rule the step sizes X 5 103 m, X 5 104 m and X 5 105 m are necessary,
Copyright r 2010 John Wiley & Sons, Ltd.
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respectively, to obtain results as in Figure 15. This leads to the ratios 0.74, 74 and 7400 of
computation time, not considering speciﬁc optimizations as local step size variation, which is a
vast problem on its own.
Some comments on standard ﬂuid dynamic terminology are in order. The wave digital
algorithm using Gear’s LMS method is second-order accurate in space–time. The scheme is not
monotonicity preserving and thus not total variation diminishing (TVD) or monotone, which is
reﬂected by the occurrence of new local extrema around the discontinuities. However, the
reference circuit converges to the frictionless case in a continuous fashion as Z-0, thus of all
weak solutions the algorithm appears to select the desired vanishing-viscosity solution quite
naturally. To obtain the TVD property, a standard approach in ﬂuid dynamics is the usage of
some sort of nonlinear ﬂux/slope-limiting algorithm for steep transitions additionally to the
integration method. This should be possible in the wave digital algorithm as well; however, we
do not pursue this path as this is beyond the scope of this paper. Rather, we have presented a
network theoretical approach to introduce artiﬁcial losses suppressing high-frequency content.

11. CONCLUSIONS
We have revisited the wave digital method for numerical integration of PDEs from a general,
but application-oriented point of view. The step-by-step approach for the synthesis of reference
circuits is applicable to many different PDEs, and to models with more than one spatial
coordinate. By using the differential operator and its properties, derivations are simpliﬁed
appreciably.
Once a reference circuit is obtained, it can schematically be expanded to use passive LMS
methods other than the trapezoidal rule. Despite the superior stability and accuracy properties
of the trapezoidal rule, for speciﬁc problems it can be very beneﬁcial to introduce lossy
integration methods like the Gear method, e.g. to suppress oscillations when discontinuities are
present. Whenever a deeper physical modeling is not viable or not wanted, this approach offers
a generic solution as it is independent of the exact physical nature of the problem. For the shock
tube problem, we have shown that meaningful simulation may be possible with a step size much
larger than when using the trapezoidal rule, which signiﬁcantly reduces computation time.
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