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Automatic Step-size Control in Wave Digital Simulation
Using Passive Numerical Integration Methods
Dietrich Fränken and Karlheinz Ochs
Abstract: Wave digital filter principles can be applied to the numerical solution of many kinds of differential equations. It has been
shown that, by merging the wave digital concept with RUNGE K UTTA methods, algorithms of high accuracy can be found which
are passive and hence possess a lot of desirable numerical stability properties. In this paper, we will discuss the applicability of
step-size control within this framework.
Keywords: Wave digital simulation, Passive integration methods,
RUNGE -K UTTA methods, Step-size control

1. Introduction
A large variety of methods for the numerical integration of differential equations exists. It has been shown
that the application of principles formerly introduced for
so-called wave digital filters (for an overview, see [1])
may be viewed as a numerical integration of K IRCH HOFF network equations by means of specific linear multistep methods [2]. The resulting algorithms possess some
advantageous numerical features which are implied by
a property called passivity where the latter can be ensured even under finite word-length conditions. The principles may be applied to both linear or non-linear ordinary or partial differential equations as long as these
can be represented by K IRCHHOFF networks, cf. [2–6].
In recent publications, it has been shown that the application of appropriate RUNGE -K UTTA methods within
this framework may yield, at least for ordinary differential equations, an increased numerical accuracy without
sacrificing passivity and the stability properties induced
herewith [7–9].
In this context, only numerical integration with fixed
step-sizes has been considered until now. But, it is known
that such a restriction may cause unsatisfactory simulation
results if the system of differential equations under investigation constitutes a stiff problem. In lack of a precise
mathematical definition, a problem is commonly called
stiff if its solution consists of both transient as well as
smooth phases, i.e. if the occuring signals change rapidly

during some time intervals and vary only slowly during
others. Now, a step-size being appropriately adjusted for
the transient phases turns out to be unnecessarily small
for the smooth phases which causes long simulation times
and a high accumulation of (unavoidable) rounding errors. On the other hand, a (larger) step-size adjusted to
the smooth phases in general does not allow for a detailed replication of transient components in the signals
and, depending on the chosen integration method, may
even cause completely useless simulation results. If both
transient and smooth phases are to be simulated with good
time resolution, the usage of an adaptively varying stepsize is indispensable.
In this paper, it is shown that wave digital simulation
with variable step-sizes is indeed possible, again without sacrificing passivity as the key property. We start our
presentation by briefly recalling the basic wave digital
simulation principles. The application of linear multistep
methods and of RUNGE -K UTTA methods in this framework is shortly explained and the passivity concept for
these methods is recalled. It is demonstrated that, even
for wave digital structures which are known to be stable for each possible fixed step-size, an incautious variation of those parameters depending on the step-size may
cause an instable behaviour. It is also discussed how
this problem can be overcome by a suitable modification
of the way certain reactive elements are represented in
the K IRCHHOFF network. In combination with suitable
RUNGE -K UTTA methods, the general possibility of a passive numerical integration with variable step-sizes is thus
established.
We continue our presentation with a short explanation of a standard approach which can be used for stepsize selection. A new passive RUNGE -K UTTA method is
presented which is designed to meet the requirements
imposed by the chosen approach. Simulation results obtained by means of wave digital simulation using this
method with both variable and fixed step-sizes conclude
this paper.

2. Wave digital simulation principles
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The standard procedure to simulate a circuit by means of
wave digital structures is as follows: First, the circuit is
decomposed into oneports and multiports where to each
port a port resistance is assigned being a positive constant.
Now, so-called (voltage) wave quantities are introduced,
i. e., for a port with voltage vν , current i ν , and port resis1434-8411/04/58/06-391 $ 30.00/0
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tance Rν , one defines
aν := vν + Rν i ν

and bν := vν − Rν i ν .

(1)

The equations imposed by both the static network elements as well as K IRCHHOFF laws can immediately (without any approximation) be rewritten in dependence on
these wave quantities. With suitably chosen port resistances, a resistive voltage source becomes a wave source
and a resistance results in a wave sink. The K IRCH HOFF equations describing parallel or series connections
are realized by so-called parallel and series adaptors [1],
more general connection types can also be dealt with [10,
11]. Reactive (and hence dynamic) elements have to be
treated by applying an appropriate numerical integration
method in order to find approximate solutions. Although
we will restrict the presentation to linear and non-coupled
capacitances and inductances in the sequel, it is noteworthy that the principles can also be applied to networks wich include nonlinear and/or coupled reactive
elements as these (lossless) elements can be represented
by linear reactive one-port elements in combination with
linear or nonlinear (non-energic) transformer multiports
(see e.g. [6, 12]).

2.1 Linear multistep methods
Consider a K IRCHHOFF network which, in addition to
a voltage source and a single capacitance, only contains
non-dynamic and source-free elements. Then, the voltage v and the current i at the capacitance are described by
the differential equation
v̇(t) = C −1 i(t) with v(t0 ) = v0 ,

(2a)

while the other elements are assumed to impose a (possibly nonlinear) algebraic equation of the form
C −1 i(t) = f(v(t), x(t))

(2b)

where x(t) is the source voltage.
Now, a linear multistep method numerically solves the
differential equation (2a) by replacing it with the difference equation
v(tk ) = −

s

σ=1

ασ v(tk−σ ) + TC

−1

s


βσ i(tk−σ )

(3a)

σ=0

with
C −1 i(tk ) = f(v(tk ), x(tk ))

(3b)

where ασ , βσ are suitably chosen parameters, T is the
step-size or sampling period, and the time instances tk
are defined by tk := t0 + kT with k ∈ Z. Here, it is com-

mon practice to consider the steady state at some complex frequency p where v and i are assumed to be of
the form v(tk ) := V e ptk and i(tk ) := Ie ptk , respectively [2,
13, 14]. In this case, the linear difference equation yields
V = RZ(ψ)I with
Z(ψ) := 2

s



βσ

σ=0

1−ψ
1+ψ

σ  
s


ασ

σ=0

1−ψ
1+ψ

σ
(4)

(with α0 := 1) where
ψ := tanh( pT/2) =

e pT − 1
e pT + 1

(5)

denotes the so-called equivalent complex frequency and
R :=

T
2C

(6)

is a normalization resistance. The term Z(ψ) is called the
(normalized) characteristic impedance of the linear multistep method [7] and is assumed to be of irreducible form.
Traditionally, the trapezoidal rule with characteristic
impedance Z(ψ) = 1/ψ is used within the wave digital
concept. In combination with Eq. (1) for a port resistance
chosen as in Eq. (6), the difference equation (3a) then simplifies to
b(tk ) = a(tk−1 ),

(7)

and the wave digital realization of a capacitance is a mere
time delay. Likewise, an inductance L with port resistance
2L/T yields a time delay in combination with an additional sign inverter. For networks with multiple reactive
elements, each of these reactive elements is replaced accordingly. In case other linear multistep methods than the
trapezoidal rule are to be used, port resistances for capacitance and inductance are chosen as RC = Z(1)T/[2C] and
R L = 2L/[Z(1)T ], respectively, and each time delay has
finally to be substituted by a wave digital structure with
characteristic reflectance
S(ψ) =

Z(ψ) − Z(1)
.
Z(ψ) + Z(1)

(8)

Clearly, Z(1) = 0 ⇐⇒ β0 = 0 holds here and thus
implicit methods must be used.
In Fig. 1, the result of the described procedure is
shown for a series connection of a resistive voltage source,
a capacitance, and an inductance where Rx , C, and L are
positive constants. As indicated by a ⊥-formed symbol,
the aforementioned choice of port resistances for the reactive elements yields, with S(1) = 0, reflection-free connection ports, i.e., ports without any delay-free directed
path between input and output. Hence, the given signal
flow diagram does not contain any delay-free directed
loop and thus is computable.
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2.2 RUNGE -K UTTA methods
The application of a RUNGE -K UTTA method [15] to
Eq. (2a) yields
v(tk ) = ev(tk ) + 2RDi(tk )
v(tk+1 ) = v(tk ) + 2RgT i(tk )

(9a)
(9b)

with e = [1, . . . , 1]T and R as in Eq. (6) where some parameters of the method are combined in vector g and
matrix D of appropriate dimensions. For a method with
s stages, the vectors v and i consist of s stage voltages vσ
and s stage currents i σ , respectively, which are related by
C −1 i σ (tk ) = f(vσ (tk ), x(tk + kσ T ))

(9c)

with nodes kσ and the same function f as given in
Eq. (2b).
Here, a steady-state analysis of Eqs. (9) yields a relation V = RZ(ψ)I with
Z(ψ) =

eg T
+ 2D − eg T
ψ

(10)

where Z(ψ) is the so-called (normalized) characteristic
impedance matrix [7]. The corresponding characteristic
scattering matrix is given by
S(ψ) = [Z(ψ) − R][Z(ψ) + R]−1

Fig. 1. K IRCHHOFF network and its discrete-time equivalent after
application of a linear multistep method. Port resistances are Rx ,
RC = Z(1)T/[2C], and R L = 2L/[Z(1)T ].

(11)

where R is the diagonal matrix of port resistances which,
again for reasons of computability, must be chosen equal
to the diagonal entries of Z(1).
Fig. 2 shows how a wave digital simulation with a twostage RUNGE -K UTTA method can be performed for the
circuit in Fig. 1. To this end, the inductance L has equivalently been replaced by a gyrator with gyration resis2
tance RG which is terminated with a capacitance L/RG
.
In the wave digital structure, each capacitance is represented by a two-port with a scattering matrix as given in
Eq. (11). The wave source and the series adaptor, which
account for the equations related to the non-dynamic part
of the network, now occur twice. Herein, the two copies
are structurally equal – we will comment on this in more

detail later on – and differ with respect to a time shift of
their input signals only.
From Fig. 2, it becomes apparent that additional requirements have to be met by the RUNGE -K UTTA method
in order to ensure computability. In fact, the occurrence
of delay-free directed loops now requires S(1) to be of
strict lower (or upper) triangular form. With the choice
of port resistances given above, this requirement is met
by considering so-called diagonally implicit methods only
for which, by definition, D = Z(1)/2 is of lower triangular form. In this case, no delay-free directed path leads
from the adaptor on the right to the one on the left hand
side. Consequently, the two sub-structures can, from left
to right, be computed sequentially.
2.3 Some implementation aspects
With the results of the previous sections, a flexible and
user-friendly implementation of wave digital simulation
principles can be obtained. For a given K IRCHHOFF net-

Fig. 2. K IRCHHOFF network equivalent to the one in Fig. 1 and its discrete-time representation after application of a two-stage RUNGE K UTTA method. There holds x 1 (tk ) = x(tk + k1 T ) and x 2 (tk ) = x(tk + k2 T ) as well as RC = Z 11 (1)T/[2C] and R L = 2L/[Z 11 (1)T ].
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work, a wave digital model function has to be provided
which covers the non-dynamic part of the network (including all connections) and thus relates the wave quantities emitted by the reactive elements with those reflected
back into them just the way it is standard when the trapezoidal rule is used. The corresponding signal flow diagram
is fixed in structure, but adaptor and other coefficients depend on the actual port resistances and source values must
be computed according to the relevant time-shift. Within
each time step, the function is called once (for a linear
multistep method or a one-stage RUNGE -K UTTA method)
or several times (for multistage RUNGE -K UTTA methods)
by the integrating routine – this routine is the realization
of the characteristic oneport or multiport, respectively –
and thus solves Eqs. (3b) or (9c) in the wave domain. The
computation of coefficients depending on the port resistances has to be performed only when starting simulation,
either once in total (for linear multistep methods or for
RUNGE -K UTTA methods with equal diagonal entries of
Z(1)) or once per stage (for RUNGE -K UTTA methods
with differing diagonal entries of Z(1)). Thus, in comparison with a general diagonally implicit RUNGE -K UTTA
method, the usage of a method having equal diagonal
elements in Z(1) and hence in D leads to a reduced
computational effort. Such a method is called singly diagonally implicit and has already been used in Fig. 2 for the
sake of a compact presentation.
The wave digital model function discussed here may
be supplied by the user, but can also, for many K IRCH HOFF networks, be generated automatically from a given
netlist [11].

corresponding port conductances G ν = 1/Rν while xk denotes the vector of all source values x µ (tk ) with the associated port conductance matrix Gx . By simple means,
the validity of relation (14) can even be conserved under
finite-wordlength conditions [1]. Because the stored energy wTk Gwk is monotonically decreasing for zero input,
one finds that the wave digital structure, in particular, represents a system with an equilibrium 0 being stable (in the
sense of L IAPUNOV) due to passivity.
Now, passive methods also possess certain desirable
numerical stability properties. In fact, a linear multistep
method is passive if and only if it possesses a property
known as A-stability. But, it is known that A-stability
of such a method in turn limits the numerical accuracy
obtainable for a given step-size. More precisely, the consistency order – a measure commonly used to estimate
the method’s asymptotic behavior for small step-sizes –
of an A-stable linear multistep method cannot exceed two
(DAHLQUIST’s second barrier [16]). However, it has been
shown that the maximum attainable consistency order for
wave digital simulation can be increased to four by using
diagonally implicit passive RUNGE -K UTTA methods [7].
Here, passive methods are always algebraically stable and
hence possess one of the most important numerical stability properties one may require for a RUNGE -K UTTA
method [17]. Consequently, we will set our focus on these
methods from now on.
Passivity imposes certain restrictions on the parameters in D and g T . It has been shown [18] that a RUNGE K UTTA method is passive if and only if one can write
g T = reT

3. Passive methods

and

For a wave digital simulation, so-called passive methods
are of particular importance where a numerical integration
method is called passive if the corresponding characteristic impedance (matrix) represents a passive (discretetime) network [7, 9]. Hence, a linear multistep method is
passive if the corresponding characteristic impedance is
a positive function, i. e., if the implication
Re ψ > 0

⇒

Re Z(ψ) ≥ 0

⇒

Z(ψ) + Z ∗ (ψ) ≥ 0

(13)

is fulfilled. The application of a passive method to
a K IRCHHOFF network consisting of passive elements
in addition to resistive sources only yields a wave digital structure which again contains, in addition to wave
sources, only passive elements. Among other properties,
this implies
w Tk+1 Gwk+1 − wTk Gwk ≤ xTk Gx xk

D=


1
reeT + R + S
2

R = N diag(rσ )N T

and S = L − LT

(15c)

where the (real) parameters are restricted according to
r > 0, rσ ≥ 0, n σ = 0 for  < σ,
n σσ = 1, and lσ = 0 for  ≤ σ.

(15d)

In most interesting cases, there holds rσ = 0 for σ ≥ 2
and n ,1 = 0 for  = 1, . . . , s. Then, the characteristic
impedance matrix of a diagonally implicit method can be
written according to
Z(ψ) = [1 + S0 (ψ)][1 − S0 (ψ)]−1 R0
+ [1 + S1 ][1 − S1 ]−1 R1
with



(14)

where the vector w k comprises all state values wν (tk )
and G is the (positive definite) diagonal matrix of the

(15b)

with

(12)

holds. Analogously, a RUNGE -K UTTA method is passive
if its characteristic impedance matrix is positive, i. e., if
Re ψ > 0

(15a)

S 0 (ψ) =

0T
1

1−ψ
1+ψ

0

(16a)


(16b)
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now has
wTk+1 Gk wk+1 − wTk Gk wk ≤ xTk Gx xk

Fig. 3. Wave digital realization of the characteristic two-port for
a passive 2-stage RUNGE -K UTTA method.

and


0T
S1 =
diag

n ,1
n −1,1


0
,
0

 = 2, . . . , s

(16c)

where all diagonal entries of the diagonal matrix R0
equal r and the corresponding entries of R1 are r1 n 2,1 ,
respectively. From this, a wave digital structure for the
realization of the characteristic multiport is easily deduced, it consists of two s-ports with scattering matrices
S 0 (ψ) and S 1 , respectively, where the two ports belonging to each particular stage are connected via a series
adaptor.
Fig. 3 displays the wave digital realization of the
characteristic multiport for a specific passive diagonally
implicit RUNGE -K UTTA method with two stages. Here,
a method has been chosen where, in particular, n 21 = −1
and thus Z 11 (1) = Z 22 (1) = r + r1 holds which again, like
in Fig. 2, constitutes a singly diagonally implicit method.
However, it should be noted that, in general, neither the
restriction r11 = . . . = rss nor the assumptions rσ = 0 for
σ ≥ 2 and n σ = 0 for  = σ, . . . , s must be fulfilled in
order to find an appropriate wave digital structure. Here,
a universal synthesis prodecure exists [12], and a more
detailed analysis shows that, within such a structure, the
sought approximate solution for a voltage at a capacitance
always equals the wave quantity stored in the associated
time delay. At the beginning of a simulation, the time delay can thus be fed directly with the initial voltage value
and, due to this, wave digital simulation with passive
RUNGE -K UTTA methods does not require any additional
starting phase for finding appropriate initial values as opposed to most linear multistep methods.

(17)

with some positive definite matrix Gk varying with time,
this alone does not ensure stability of the wave digital
structure under all circumstances. But, we will see that the
procedure for applying passive RUNGE -K UTTA methods
proposed in this paper does indeed conserve all the positive features induced by passivity.
In order to illustrate both the possible problems which
may arise due to varying port conductances as well as the
way we are able to avoid them, consider the two wave
digital structures shown in Fig. 4. Both originate from the
K IRCHHOFF network displayed in Fig. 1. In Fig. 4(a), the
trapezoidal rule (with fixed step-size) has been applied
to the unmodified network while, in Fig. 4(b), the onestage G AUSS method (k1 = d11 = 1/2, g1 = 1) has been
applied to the network which has been modified as indicated in Fig. 2. The strong similarity between the two
realizations is due to the fact that both methods share the
same characteristic impedance Z(ψ) = 1/ψ. In fact, both
structures would (up to a time shift of the input signal)
be identical if the gyration resistance were chosen to be
RG = R L = 2L/T (clearly, this would require the stepsize to be fixed).
Now, assume that the port resistances R L and RC
of the structure in Fig. 4(a) are (arbitrarily) altered during simulation time (note that this does not correspond
to the application of the trapezoidal rule with variable
step-size because, due to the altering port resistances, the
sought numerical solutions i and v cannot be obtained
from Eq. (1) as usual). For example, choose the (always

4. Varying step-sizes
Up to this point, we have assumed the step-size T to be
constant throughout simulation time. In the following, we
wish to consider varying step-sizes as well. This means
that the port conductance matrix G associated with the
states of the system does now in general depend on the actual step-size. Although, in analogy to relation (14), one

Fig. 4. Discrete-time equivalent to the circuit in Fig. 1 after application of the trapezoidal rule and the one in Fig. 2 after application
of the G AUSS method.
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positive) port resistances in dependence on the wave quantities a L and aC according to
R L (tk ) =

2L
Tk

Tk
2C

(18a)

[Tmax − Tmin ]a2L (tk )
a2L (tk ) + aC2 (tk )

(18b)

and

RC (tk ) =

with
Tk := T(tk ) = Tmin +

such that Tk stays in the interval Tmin ≤ Tk ≤ Tmax . Fig. 5
depicts the resulting value a L of the wave quantity associated with the inductance as a function of time. Herein,
the parameters were chosen to be Rx = 50 Ω, C = 4.7 nF,
L = 100 mH, Tmin = 340 ns, Tmax = 6.8 µs, a L (0) = 1 V,
and aC (0) = 0 V with zero input. For this set of parameters, the network equations are known to yield damped
oscillations with exponentially decreasing envelopes for
the states.
As the result confirms, the structure does indeed show
an unstable behavior although, with w := [a L , aC ]T and
Gk := diag(1/R L , 1/RC ), relation (17) holds with
Tk 2 2C 2
w Tk Gk wk =
a +
a .
2L L Tk C

dominates the dissipation of energy due to the resistance
which, in total, causes the observed behavior.
Now, the wave digital structure in Fig. 4(b) shows
a completely different behavior. For reasons of comparability, we have left the parameters of the previous simulation unaltered (with RG = 1 Ω) and have also again used
the values Tk found therein for altering the port resistances. Fig. 5 confirms that the numerical solution now
behaves as desired and, because the wave quantities stored
in the time delays equal RG i and v, respectively, the procedure does indeed correspond to an application of the
G AUSS method with variable step-sizes. In this case, the
stored energy takes on the form
wTk Gk w k =

2L 2 2C 2
a +
a .
2
RG
Tk L Tk C

As we can see, a decreasing step-size Tk now increases the
stored energy regardless of the actual state values while
an increasing step-size Tk always has the opposite effect.
Hence, an alteration of the step-size only causes a fluctuation in the stored energy according to
wTk Gk wk =

(19)

This behavior is due to the fact that, with transition from
Tk to Tk+1 and hence from Gk to Gk+1 , the stored energy
can get larger both for increasing as well as for decreasing
Tk depending on the actual values of the state-variables.
For large magnitudes of a L (relative to |aC | under consideration of L and C), a change from smaller to larger
Tk increases the stored energy and the very same happens
when decreasing Tk for relatively small |a L | and thus large
magnitudes of aC . Obviously, the increase of stored energy due the alteration of Tk according to Eq. (18) here

T0 T
w G0 w k
Tk k

(21)

with the constant matrix G0 and we may thus, in general,
write
w Tk+1 G0 wk+1 − wTk G0 wk ≤

Tmax T
x Gx xk
T0 k

(22)

for Tk ≤ Tmax . This way, we again are able to prove stability of the equilibrium 0 as the step-size is always limited
from above (either by a reasonable step-size control or by
the absolute desired simulation time).
In addition to the formal investigation thus performed,
the example in Fig. 4(b) does also allow for another interpretation. Consider the structure when T is replaced with
2
/R L while RG T0 /T
T0 in both port resistances RC and RG
is substituted for the gyration resistance RG (thus yielding a port resistance R L T0 /T instead of R L at port 1 of the
adaptor) as well as Rx T0 /T for the source resistance Rx .
Now, observe that adaptor coefficients only depend on ratios of port resistances like e.g.
γν =

Fig. 5. Wave quantity a L in the structure in Fig. 4(a) (solid line)
and the one in Fig. 4(b) (dashed line) for varying values T .

(20)

2Rν
R1 + R2 + R3

(23)

in case of the three-port series adaptor and, consequently,
all coefficients in the structure remain unchanged. In other
words, the G AUSS method leads to the very same discretetime structure (up to a different time scaling which cleary
does not have any influence on passivity) when applied
with fixed step-size T0 to a circuit containing, in addition
to two constant capacitances, a time-variant gyrator and
a source with varying (positive) source resistance. But,
the dependence on time does not have any influence on
the basic energic properties of both the resistance and the
gyrator. The former is always passive (as long as it remains positive) while the latter is in any case non-energic.
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Hence, passivity of the wave digital structure can also
be explained by the usual line of arguments referring to
the passivity of the continuous-time K IRCHHOFF network
which is to be simulated.
Now, observe that, regardless of the way a valid wave
digital structure has been obtained in the first place (e.g.
by applying a general passive RUNGE -K UTTA method
to a specific K IRCHHOFF network), one can always deduce a (usually different) K IRCHHOFF network from there
that, in combination with the G AUSS method, results in
the very same wave digital structure. With this interpretation at hand, it becomes apparent that the results
stated within this section remain valid for general passive RUNGE -K UTTA methods. Herein, it has been essential for passivity to treat both types of reactive elements
(i.e. inductances and capacitances) in a unified manner (by
using a suitable replacement for inductances). It should be
emphasized at this point that, in contrast to a fixed stepsize scenario, adaptor and other coefficients depending on
the now varying port resistances have to be recomputed
within each time step.

5. Step-size selection
With the general possibility of a passive numerical
integration using diagonally implicit RUNGE -K UTTA
methods with variable step-sizes, a suitable step-size selection has to be performed. A large variety of algorithms
exists for both estimating the current simulation error as
well as for a subsequent selection of the step-size in order
to limit this error. In the following, we will make use of
so-called embedded methods for error estimation while
applying an elementary algorithm for the actual step-size
control.
We start with a short recapitulation of the standard
step-size control algorithm presented in [19]. The algorithm tries to adjust the step-size in order to achieve
a prescribed tolerance of the so-called local discretization error, i.e. the error induced by the application of
a RUNGE -K UTTA method within one time step. To this
end, two approximate solutions w(tk + T ) and ŵ(tk + T )
are computed with a given step-size T where, for now, it is
assumed that ŵ(tk + T ) is a much better estimate for the
exact solution than w(tk + T ). The goal is to have componentwise
|wν (tk + T ) − ŵν (tk + T )| ≤ δν (tk , T )

(24a)

with
δν (tk , T ) := δabs + max(|wν (tk + T )|, |wν (tk )|) · δrel
(24b)
where the positive values δabs and δrel allow for a prescription of absolute and relative error, respectively (different
constants δabs,ν and δrel,ν may be used for each component
in (24b)). As a measure of error,
ε(tk , T ) := (tk , T )

(25a)

with the components
ν (tk , T )

:=

|wν (tk + T ) − ŵν (tk + T )|
δν (tk , T )

(25b)

of (tk , T ) is used where · denotes an appropriate vector norm with e = 1 (with this normalization, one has
ε(tk , T ) = 1 if equality holds in (24a) for all ν). Provided that w(tk ) coincides with the exact solution, ε(tk , T )
asymptotically behaves similar to the local discretization
error. This means that, for small step-sizes, one may write
ε(tk , T ) ≈ ε̄ T q+1 with some constant ε̄ when a method
with consistency order q is used for determining the less
prescise estimate w(tk + T ).
With the chosen measure of error, one tries to estimate an optimal step-size Topt from the requirement
ε(tk , Topt )  1 and thus from
q+1

1 ≈ ε̄Topt

⇒ Topt =

T
√
.
ε(tk , T )

q+1

(26)

Usually, a so-called safety factor α with 0.5 < α < 1
is introduced and a new step-size candidate is calculated by Tnew = αTopt where, in order to avoid too rapid
changes, increment and decrement of the step-size are
limited according to αmin ≤ Tnew /T ≤ αmax [19, 20]. Now,
if ε(tk , T ) ≤ 1 holds, the step-size T is accepted, time
is advanced to tk+1 = tk + T with the according solution
w(tk+1 ), and Tnew is used as a first step-size candidate for
T in the next time interval. Otherwise, the step-size T is
rejected, and the computation starts over again with w(tk )
and the new step-size candidate Tnew .
Of course, strategies more sophisticated than the one
described here do exist in order to control the step-size
(see e.g. [21, 22]), each of them having its own pros and
cons. However, an investigation or discussion of the different approaches is not within the scope of this paper and
we do not follow up this matter any deeper at this point.
The outlined step-size control strategy requires, in
addition to the computation of the sought solution w(tk +
T ), the determination of a second estimate ŵ(tk + T ). For
this purpose, a widely used approach is to embed a second
RUNGE -K UTTA method in Eqs. (9) by computing
v̂(tk+1 ) = v(tk ) + 2RĝT i(tk ),

(27)

thus specifying a method with unaltered coefficients D
and k but with an alternate coefficient vector ĝ. Here, the
estimates v̂(tk + T ) and v(tk + T ) in one time step are always based on the same v(tk ) and the estimate v̂(tk + T )
is disregarded after determination of Tnew . This kind of
approach comes with a comparably low additional implementation effort (e.g. when compared with approaches
wich are based on applying one and the same RUNGE K UTTA method with two different step-sizes) as just one
more linear combination of stage currents has to be built
and, in particular, Eqs. (9c) have to be evaluated only
once.
Although the derivation of the step-size control algorithm was based on the assumption that the embedded
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method provides a more accurate estimate than the original one, it is common practice to rather use the above
formulas in combination with a lower order method with
vector ĝ for the determination of a new step-size estimate
and a higher order method with vector g for the continuing
numerical integration (so-called local extrapolation [19]).
In the following, we will also make use of this procedure.
To this end, a passive diagonally implicit RUNGE -K UTTA
method with order q is to be designed with an embedded
method of order q − 1 where the latter, as the estimates
it provides are not used for any other computation than
a step-size candidate, does not necessarily have to be passive (it might not even be algebraically stable).

6. A passive Runge-Kutta method
for automatic step-size control
In the sequel, a suitable passive diagonally implicit
RUNGE -K UTTA method for automatic step-size control
will be given. Like for most of the commonly used
methods, we require the vector k = [k1, . . . , ks ]T to fulfill
k = De.

Order

General method

Passive method

q≥1

gT e = 1

reT e = 1

q≥2

gT k = 1/2

Re = 0

q≥3

gT Dk = 1/6
gT k2 = 1/3

reT [Se]2 = 1/3

q≥4

gT D2 k = 1/24
gT Dk2 = 1/12
gT [k[Dk]] = 1/8
gT k3 = 1/4

reT [Se]3 = 0
RSe = 0

this paper, we are mainly interested in finding an appropriate embedded method of maximum order. But, it is known
that the consistency order of a passive diagonally implicit
RUNGE -K UTTA method cannot exceed four at all, this
maximum order four requires at least three stages, and that
there exists exactly one fourth-order three-stage method
of this kind [7]. The BUTCHER tableau

(28)

Of course, the order conditions for arbitrary RUNGE K UTTA methods obeying this condition are known and
can be obtained by e. g. applying BUTCHER’s formalism [15, 23]. Table 1 displays the resulting conditions for
methods up to consistency order four where the product
of (column) vectors has to be understood in an elementper-element way. In particular, one must have g T e = 1
for a consistent method (i.e., for a method with an order
not less than one), and a comparison of Eqs. (9a) and (9b)
shows that Eq. (28) consequently ensures a consistency
order one at least for the stage values vσ .
For passive methods, these order conditions can as
well be expressed by employing the parametric representation given in Eqs. (15). By using a suitably adapted version of BUTCHER’s formalism, it can be shown that some
of the order conditions become redundant in this case
such that a reduced set of order conditions can be used
here [18]. The relevant conditions for passive methods up
to consistency order four are also listed in Table 1.
In addition to the lower number of order conditions,
the usage of the parameters introduced in Eqs. (15) simplifies the design of passive methods in another aspect as
well. Here, passivity of a method is ensured as long as the
parameter r is positive and the parameters r1 , . . . , rs are
nonnegative. Hence, passivity conditions are completely
decoupled while the requirement
D + DT − ree ≥ 0

Table 1. Order conditions for general and passive RUNGE -K UTTA
methods up to order four. There holds k = De.

(29)

– this follows from taking the limit ψ → ∞ within relation (13) in combination with Eq. (10) – induces highly
coupled polynomial inequalities in the parameters dσ .
A variety of general passive RUNGE -K UTTA methods
has already been designed elsewhere [7, 12, 18]. Within

k D
gT
of this maximum-order three-stage method is given in
Table 2. On the other hand, we will immediately see
that there exists no corresponding third-order embedded
method. Being of order four, the method of Table 2 fulfills, in particular, the requirements g T e = 1, g T k = 1/2,
and g T k2 = 1/3 from Table 1. For the embedded method,
the corresponding requirements would read


1 k1 k12

 

2 
(30)
ĝ T 
 1 k2 k2  = 1 1/2 1/3 .
2
1 k3 k3
But, as the method under consideration is not confluent,
i.e. as it possesses distinct values kσ , the occcuring VAN DERMONDE matrix is regular and the unique solution of
these equations is given by ĝ = g which clearly is not
admissible. Consequently, we need at least four stages
in order to obtain a fourth-order method with embedded
method of order three.

Table 2. B UTCHER tableau of the fourth-order three-stage passive
diagonally implicit RUNGE -K UTTA method.
1
2

+

1
2

−

1
√
2 2
1
2
1
√
2 2

+

1
√
2 2

1+

√1
2

1
2

√
−1 − 2

1
3

0
√
3
2+ 2
√
−1 − 2
1
3

0
0
1
2

+

1
√
2 2

1
3
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A suitable four-stage method is obtained by starting
with a method designed in [12]. Its relevant characteristic
parameters for the representation (15) are given by
1
1
1
r = , r1 = + √ , r2 = r3 = r4 = 0,
4
4 2 3
n 11 = n 41 = 1, n 21 = n 31 = −1,
1
l21 = l31 = l42 = r − r1 = − √ ,
2 3
1
1
l41 = l32 = r + r1 = + √ ,
2 2 3

(31)

The extended BUTCHER tableau for this method, including both g and ĝ, is depicted in Table 3. Herein, ĝ has
been constructed as follows. Denote by δν the elements of
the vector Dk and supplement Eq. (30) with the condition
g T Dk = 1/6 of Table 1 to read


1 k1 k12 δ1


2

 

T  1 k 2 k 2 δ2 
= 1 1/2 1/3 1/6 . (32)
ĝ 

 1 k 3 k 2 δ3 
3


1 k4 k42 δ4

7. Simulation results
In order to test the method derived in the previous section, we have used it to simulate the K IRCHHOFF network of Figs. 1 and 2. This time, the element values
were chosen as Rx = 200 Ω, C = 47 µF, and L = 10 mH.
With this choice, the eigenvalues of the system matrix
associated with this network were λ1 ≈ −107 s−1 and
λ2 ≈ −19 900 s−1 and the system equations thus constitute a (mildly) stiff problem. In our simulation, the input
signal was a periodic series of sin2 -pulses with amplitude
5 V and a duration of 500 µs (corresponding to a fundamental frequency of 2 kHz) with 20 ms pulse repetition
time. The initial values of capacitance voltage and inductance current were chosen in a way that both states were
also periodic with period 20 ms. Fig. 6 displays one period
of the input signal as well as the exact solutions for capacitance voltage and inductance current within such a time
interval.
For the wave digital simulation, the RUNGE -K UTTA
method designed in the previous section has been used
in connection with the step-size control algorithm outlined in Section 5. Here, the tolerances were δabs = 1 nV
and δrel = 10−5. A safety factor α = 0.9 was used while
increment and decrement of the step-size were limited ac-

Now, the rank of the matrix in this equation can be computed to be three only, and the equation thus possesses
an infinite number of solutions (one of them being ĝ = g
again). Choosing ĝ4 = 0, we obtain the solution given in
Table 3.
By construction, the passive method of Table 3 possesses order four while the embedded (non-passive)
method possesses order three. Moreover, the passive
fourth-order method is singly diagonally implicit – with
the aforementioned reduction in computational effort due
to equal port resistances in all stages – and its maximum
error constant – a measure to compare methods possessing the same consistency order – is about 50 times smaller
than that of the unique fourth-order three-stage method
given in Table 2. Thus, in addition to its applicability in
a variable step-size scenario, it may also be viewed as
a useful alternative for wave digital simulation with fixed
step-size.

Table 3. Extended B UTCHER tableau of a fourth-order passive
singly diagonally implicit RUNGE -K UTTA method with embedded
third-order (non-passive) method.
1
4

+

1
4

−

3
4

+

3
4

−

1
√
4 3
1
√
4 3
1
√
4 3
1
√
4 3

1
4

+

1
√
4 3
1
− √
2 3
1
− √
2 3
1
1
√
2+2 3
1
4
1
2

0
1
+ √
4 3
1
1
√
2+2 3
1
− √
2 3
1
4

√

1
4
3−1
4

0

0

0

0

1
+ √
4 3
1
− √
2 3

1
4

1
4
√
3− 3
4

0
1
4

+

1
√
4 3

1
4

0

Fig. 6. One period of input signal, voltage across capacitance, and
current through inductance for the network shown in Fig. 1.
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Fig. 8. Simulation errors for the voltage across the capacitance obtained with fixed step-sizes T1 = 1/80 000 s and T2 = 1/13 000 s.

current take on about the same values as they have done
with the variable step-size. Fig. 8 shows the result for the
error |∆v1 | of the simulated the capacitance voltage which
has been obtained by setting T1 = 1/80 000 s. Of course,
absolute simulation times vary with software implementation and hardware platform, but in all tested environments,
simulation with fixed step-size took approximately six
times longer. Hence, we have finally increased the fixed
step-size to T2 = 1/13 000 s which indeed yielded about
the same simulation time as we have had with a variable
step-size before. As can be seen from |∆v2 | shown in
Fig. 8, the error now is circa 730 times higher than the one
obtained with variable step-size.

Fig. 7. Simulation results for the circuit in Figs. 1 and 2: voltage v across the capacitance, deviation |∆v| from the exact solution
given in Fig. 6, step-size T and number n rej of rejected step-sizes.

8. Conclusions

cording to 0.01 ≤ Tnew /T ≤ 5. The initial step-size was
chosen to be 1/80 000 s.
In Fig. 7, simulation results for the voltage across the
capacitance, its deviation from the exact solution, the
automatically adjusted step-size for each time step, and
the corresponding number of rejected step-sizes are displayed. As expected, we get small step-sizes for regions
where rapid changes in the capacitance voltage (and also
in the inductance current not being depicted here) occur
while the step-size is kept at a higher level in regions
where the transition related to the less negative eigenvalue
(i.e. the eigenvalue of smaller magnitude) is dominant.
For reference purposes, we have now performed
a wave digital simulation of the circuit using the same
RUNGE -K UTTA method with fixed step-size T1 which has
been adjusted in such a manner that the maximum simulation error for both capacitance voltage and inductance

In this paper, wave digital simulation with controlled
variable step-sizes has been discussed. While the problem of applying linear multistep methods, traditionally
used for wave digital simulation, with variable step-sizes
remains unsolved, the application of suitable RUNGE K UTTA methods establishes the general possibility of
using step-size control within this framework. By a unified treatment of all types of reactive elements, passivity
of wave digital simulation can be conserved and thus the
advantageous numerical stability properties induced herewith are retained as well.
Step-size control by means of embedded RUNGE K UTTA methods requires the design of passive methods
previously not considered. Parameters of a fourth-order
passive singly diagonally implicit four-stage RUNGE K UTTA method with embedded method of order three
have been given. The method has not only been shown
to be applicable in a variable step-size scenario, it is also
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a useful alternative to previously published methods when
it comes to simulating with fixed step-size.
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