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SUMMARY
This paper deals with wave digital modeling of passive state-space models. The set of differential equations
must be of linear state-space form, but all parameters can be time-variant and/or nonlinear. For such statespace models, a canonical internally passive reference circuit is presented and used for deriving wave digital
structures. In order to show the usability, special solutions for important basic linear time-variant models
are compared with wave digital simulation results. Moreover, the wave digital modeling of a nonlinear and
time-variant oscillator is discussed. Especially for a lossless oscillator an implementation is proposed,
which preserves energy under ﬁnite-arithmetic conditions. This is veriﬁed by comparing simulation results
with the analytical solution of a gravity pendulum. Copyright r 2009 John Wiley & Sons, Ltd.
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1. INTRODUCTION
Originally, the wave digital concept has been used for emulating classical ﬁlter networks by
means of replacing the analog circuit by a digital signal processing system [1]. As has been
shown, wave digital ﬁlters exhibit outstanding properties such as inherent stability, robustness,
low coefﬁcient sensitivity, and absence of parasitic oscillations or limit cycles, which are all
guaranteed even under ﬁnite word-length conditions [2–4]. This concept has also successfully
been applied to numerical solutions of ordinary differential equations by digital simulation of
nonlinear circuits, even with chaotic behavior [5–8]. Parallel to this development, the concept
has been extended to multidimensional wave digital ﬁlters in order to numerically integrate
partial differential equations [9–11]. But it would be too superﬁcial to regard the wave digital
concept merely as a simulation tool. In contrast to a simulation being performed for a short time
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period, an emulation generally is a continuously running real-time application, for example, if
the wave digital model acts as an observer of a physical system [12, 13]. In this case, rounding
errors cannot be neglected and we have to contemplate a computer architecture with ﬁnite
arithmetic in order to achieve a reliable algorithm. This is of special importance in safety-critical
applications, where a wave digital model facilitates a formal veriﬁcation of the correctness of the
program [14].
When it comes to wave digital modeling of a physical system, a typical starting point are the
associated differential equations and the main task is to ﬁnd an appropriate electrical circuit. In
case of a passive physical system, it is aspired to synthesize an internally passive electrical circuit
consisting of port-wise interconnected passive multiports only. A proper reference circuit
represents the differential equation and has additionally a one-to-one corresponding realizable
wave digital model, leading to an explicit algorithm, cf. [15].
Of course, the advantage of using a higher-order differential equation is a condensed
formulation of the physical system, being liberated from its domain and thus possibly easier to
interpret in terms of electrical quantities. But the crux of using a higher-order differential
equation is that we have sacriﬁced the structural information of the physical system. Hence, it
requires a lot of experience and intuition for deriving a proper reference circuit possessing
structural information. Since there is no systematic approach, it is advised to inspect the
physical system and the assumed idealizations from which the differential equation originates.
Beyond that, it is sometimes necessary to do a deeper physical modeling in order to conceive a
passive mathematical model for the system and to justify the usage of a modiﬁed differential
equation afterwards, cf. [13].
The aim of this paper is to give a systematic approach for synthesizing a proper reference
circuit if the passive system is described in a formally linear state-space form possibly having
nonlinear and/or time-variant parameters. For this purpose, the paper is organized as follows: in
the next section, the mathematical model of the differential equation system under consideration
is introduced and a very few basic cases are brieﬂy discussed, which are necessary for references
later on. The third section recapitulates some passive multiports in order to derive a canonical
and internally passive electrical circuit for a multiport resistance. These multiports are needed in
the subsequent section for synthesizing a reference circuit of a state-space model. The ﬁfth
section concerns a wave digital implementation of the reference circuit. Here, solutions for some
basic, but important, linear time-variant systems are presented, in order to verify the new
method by means of simulations. In the sixth section, a second-order nonlinear differential
equation is treated. As an example, the gravity pendulum is explicitly discussed and wave digital
simulation results are compared with the analytical solution. Finally, a conclusion is drawn.

2. MATHEMATICAL MODEL
Let us consider a system with l input signals, m output signals, and n states being collected in the
column vectors x(t), y(t), and z(t), respectively. This system is assumed to be described by a
differential equation system in state-space form,
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^
^
z_ ðtÞ ¼ AzðtÞ
þ BxðtÞ

ð1aÞ

^
^
yðtÞ ¼ CzðtÞ
þ DxðtÞ

ð1bÞ
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where the dot denotes a derivative with respect to time t. All parameters are supposed to be real
and possibly time-variant and/or even nonlinear. In particular, these parameters are the
^ the input and output matrix B
^ and the matrix D,
^ and C,
^ which
elements of the system matrix A,
supplies feed-through terms. To be brief, the differential equation system is well posed and has a
unique solution for tXt0, when any initial state z(t0) 5 z0 is given at the initial instance t0. In the
sequel, we will restrict ourselves to a negative deﬁnite system matrix, i.e., we lay stress on a
passive differential equation system, cf. [16–18]:
^ þA
^ T o0
A

ð2Þ

From literature on system theory, it is well known that this differential equation system can be
analytically solved if all parameters are constant. Even in case of time-varying parameters there
exists a closed form solution [19]:
Z t
^ t0 Þz0 þ
^ tÞBðtÞxðtÞ
^
zðtÞ ¼ Uðt;
ð3Þ
Uðt;
dt for tXt0
t0

^
But we still encounter difﬁculties, because this solution depends on the so-called transition matrix U,
being generally sophisticated if not impossible to determine. Whereas we can resort to closed-form
solutions for linear differential equation systems, there are only a few special cases if the state-space
model (1) is nonlinear, where the nonlinearity is characterized by state-dependent parameters.
As it has been stated in the introduction, the aim is to emulate the state-space model by a
wave digital model, rather than merely to numerically solve the associated differential
equations. In order to verify some simulation results presented later on, the solution of some
linear (time-variant) state-space models will be presented as they commonly occur, if we succeed
in decoupling the differential equation system by means of a suited state transformation.
2.1. Linear scalar state-space model
As a ﬁrst example we consider the state-space model
^ zðtÞ with zðt0 Þ ¼ z0
_ ¼ aðtÞ
zðtÞ

ð4Þ

For this plain initial state problem, the solution is easily obtained from a separation of the
variables and integration of the resulting expressions:
zðtÞ ¼ jðt; t0 Þ z0 with jðt; t0 Þ ¼ cðtÞ c1 ðt0 Þ for tXt0
Here, cðtÞ is the exponential function of the integrated time-varying parameter:
Z t

^ dt
cðtÞ ¼ cðt0 Þ exp
aðtÞ

ð5Þ

ð6Þ

t0

It is worth to emphasize that this solution holds also for complex-valued a^ and z.
2.2. Linear state-space model with two conjugate complex eigenvalues
From a physical point of view, a complex-valued state-space model seems to be somewhat
artiﬁcial. That is why we will give an interpretation of the scalar complex-valued state-space
model of the previous subsection in the form of a real differential equation system. To this end,
we introduce a state vector by separating the real and imaginary part of the original state:
z ¼ ½Refzg; ImfzgT and z0 ¼ ½Refz0 g; Imfz0 gT
Copyright r 2009 John Wiley & Sons, Ltd.
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This yields a state-space model with a real system matrix having the eigenvalues a^ and a^ :
"
#
^
^
Refag
Imfag
^ with A
^ ¼
z_ ¼ Az
ð8Þ
^
^
Imfag
Refag
The corresponding solution of this system can hassle-free be derived by separating the solution
(5) into its real and imaginary part,
^ t0 Þ ¼ WðtÞW1 ðt0 Þ
^ t0 Þz0 with Uðt;
ð9Þ
zðtÞ ¼ Uðt;
where



RefcðtÞg
WðtÞ ¼
ImfcðtÞg

ImfcðtÞg
RefcðtÞg


ð10Þ

has the structure of the system matrix.
2.3. Linear state-space model with equal eigenvalues and one linearly independent eigenvector
In the end, we examine the differential equation system

^ zn ðtÞ þ Oznþ1 ðtÞ for n ¼ 1; . . . ; n  1
aðtÞ
z_n ðtÞ ¼
with zn ðt0 Þ ¼ zn0
^ zn ðtÞ
aðtÞ
for n ¼ n

ð11Þ

O40, and at least two states: nX2. In this particular situation, all eigenvalues of the system
matrix are equal to a^ and only one linearly independent eigenvector exists. By starting with the
last differential equation and a backward substitution technique we obtain the solution
n
X
½O½t  t0 mn
zn ðtÞ ¼ jðt; t0 Þ
zm0 for tXt0
ð12Þ
½m  n!
m¼n
One ascertains that the parameter a^ is not limited to be real and could also be complex valued.
Using a similar line of arguments as in the previous subsection, we maintain the real system
interpretation
n
X
½O½t  t0 mn
^ t0 Þ
zn ðtÞ ¼ Uðt;
zm0 for tXt0
ð13Þ
½m  n!
m¼n
where zn and zm0 comprise the real and imaginary part of zn and zm0 , respectively.

3. SOME MULTIPORTS
3.1. Ideal multiport gyrator and transformer
In this section, a multiport gyrator and a multiport transformer, which are needed for later
purposes, are concisely recapitulated [16]. At ﬁrst, we recall the voltage-current relations of the
multiport gyrator depicted on the left of Figure 1:
T

^ jðtÞ and vðtÞ ¼ R
^ a iðtÞ
uðtÞ ¼ R
a

ð14Þ

^ a is the gyration matrix of dimension m  n, i.e., the multiport gyrator has m ports on
where R
the primary and n ports on the secondary side. From the power balance
pðtÞ ¼ iT ðtÞuðtÞ þ jT ðtÞvðtÞ ¼ 0
Copyright r 2009 John Wiley & Sons, Ltd.
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Figure 1. Top: Symbols of a multiport gyrator (left) and a multiport transformer (right). Bottom:
Internally passive circuits for a multiport gyrator (left) and a multiport transformer (right).

we conclude, that—independent of its gyration matrix—this multiport is lossless. If we designate the
entries of u, i, v, j by um, im, vn , and jn , respectively, the voltage-current relations can also be written as
m
n
X
X
un ðtÞ ¼
umn ðtÞ; vmv ðtÞ ¼
vmv ðtÞ; imn ðtÞ ¼ in ðtÞ; jmn ðtÞ ¼ jm ðtÞ
ð16Þ
m¼1

n¼1

Here, the intermediate quantities are voltages and currents of mn twoport gyrators, where the gyrator
resistances r^mn are the elements of the gyration matrix:
umn ðtÞ ¼ ^rmn jmn ðtÞ; vmv ðtÞ ¼ r^mn imn ðtÞ

ð17Þ

Because of the voltage-current relations, one can easily verify the series connections of the
gyrators shown in Figure 1. For the sake of clarity, a T-formed symbol indicates a zero-voltage
reference level.
Secondly, we recall the multiport transformer shown on the right-hand side of Figure 1. Its
voltage–current relations
^ T vðtÞ and jðtÞ ¼ N
^ s iðtÞ
uðtÞ ¼ N
s

ð18Þ

^ s:
imply losslessness being independent of the turns ratio matrix N
pðtÞ ¼ uT ðtÞiðtÞ  vT ðtÞjðtÞ ¼ 0

ð19Þ

As it can be seen from Figure 1, the realization is based on mn twoport transformers with turns
^ s:
ratios n^mn : 1, where n^mn is the associated element of N
umn ðtÞ ¼ n^mn vmn ðtÞ;
Copyright r 2009 John Wiley & Sons, Ltd.

jmn ðtÞ ¼ n^mn imn ðtÞ
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Again, the electrical quantities of the primary and secondary sides are denoted by u, i, v, and
j, respectively. The interconnection network of the ideal transformers yields the relations
m
n
X
X
un ðtÞ ¼
umn ðtÞ; jm ðtÞ ¼
jmn ðtÞ; imn ðtÞ ¼ in ðtÞ; vmn ðtÞ ¼ vm ðtÞ
ð21Þ
m¼1

n¼1

in accordance to the voltage–current relation of the multiport transformer. Apparent from that,
the primary sides of the ideal twoport transformers of each column are in series and the
secondary sides of each row are in parallel.
3.2. Multiport resistance
The goal of this section is to derive an internally passive electrical circuit for a multiport
resistance, which has a resistance matrix being a positive matrix function [16]:
^ with Z
^ þZ
^ T 40
u ¼ Zi
ð22Þ
^ is not constrained to be constant, i.e. Z
^ can be time-variant and/or even nonlinear.
Note that, Z
For the synthesis of an internally passive electrical circuit, the resistance matrix will be
decomposed into its antimetric (skew-symmetric) and symmetric part
^ ¼Z
^a þZ
^ s with Z
^ a ¼ Z
^ T; Z
^s ¼ Z
^T
Z
a
s

ð23Þ

which reﬂects a series connection of two n-ports,
u ¼ ua þ us ;

^ a i; us ¼ Z
^ si
ua ¼ Z

ð24Þ

Consequently, it remains to ﬁnd internally passive realizations for these two multiports. Since
the consumed power depends on the symmetric part only,
^
^ s iðtÞX0
pðtÞ ¼ iT ðtÞZiðtÞ
¼ iT ðtÞZ
ð25Þ
^
^
it is evident that Zs comprises possible losses whereas Za belongs to a lossless multiport. If we
synthesize an electrical circuit for the resistance matrix, we attain an alternative representation
^ For
of the parameters: The values of the electrical elements take the place of the elements of Z.
2
the sake of efﬁciency, we appreciate a canonical electrical circuit with n parameters.
3.2.1. Multiport with antimetric resistance matrix. In order to synthesize a multiport with
^ a and its transpose:
antimetric resistance matrix, we write this matrix as a difference of a real matrix R
^a R
^T
^a ¼ R
Z
a

ð26Þ

Moreover, by choosing a strict lower triangular matrix,
r^mn ¼ 0 for mon

ð27Þ

we incorporate the fact that a skew-symmetric matrix has n[n1]/2 independent elements. In view of
Equation (14), the voltage vector
^ a iðtÞ  R
^ T iðtÞ
ua ðtÞ ¼ R
a

ð28Þ

describes the gyrator multiport of Figure 1, where all ports in column n are in series with those
of row n. If we additionally take all resulting short-circuits from gyrators with vanishing
gyration resistance into account, we achieve the internally passive electrical circuit of Figure 2.
Copyright r 2009 John Wiley & Sons, Ltd.
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3.2.2. Multiport with symmetric resistance matrix. It remains to synthesize an internally passive
electrical circuit for the multiport with symmetric resistance matrix, having n[n11]/2 degrees of
freedom. Owing to Equation (25), this matrix is positive deﬁnite and we can make use of a
Cholesky decomposition
^s ¼ N
^ TR
^ ^
Z
s s Ns

ð29Þ

From an electrical point of view, this decomposition describes n decoupled positive resistances
^ s jðtÞ with R
^ s ¼ diagð^rn Þ
vðtÞ ¼ R

ð30Þ

^ s is a
being interconnected to the secondary side of a multiport transformer, cf. (18). Here, N
regular lower triangular [n  n]-matrix with ones on its main diagonal:
(
1 for m ¼ n
n^mn ¼
ð31Þ
0 for mon
The corresponding electrical circuit is depicted in Figure 2, where in comparison to the
multiport transformer of Figure 1, all ideal transformers with turns ratio 0:1 have been replaced
by a short-circuit and an open-loop for the primary and secondary side, respectively. Aside from
that, all ideal transformers with turns ratio 1:1 have been reduced to parallel connections.
On the one hand, the Cholesky decomposition preserves the number of parameters and leads, on
the other hand, to n decoupled elementary inequalities for passivity:
r^n 40 for n ¼ 1; . . . ; n

ð32Þ

Without sacriﬁcing internal passivity, some resistances of the electrical circuit could also be zero
so that we have a positive semideﬁnite resistance matrix. If a resistance vanishes, for example

Figure 2. Canonical internally passive circuits for an antimetric and a symmetric multiport
resistance, respectively.
Copyright r 2009 John Wiley & Sons, Ltd.

Int. J. Numer. Model. 2010; 23:42–61
DOI: 10.1002/jnm

49

WAVE DIGITAL SIMULATION

r^m ¼ 0, all the associated transformers in row m of Figure 2 are short-circuited and the
corresponding turns ratios are arbitrary.
4. REFERENCE CIRCUIT FOR THE STATE-SPACE MODEL
4.1. Electrical interpretation
The treatment of the differential equation system in state-space form is closely related to the
approach for the linear equation system (22). The extension to differential equations consists of
an introduction of n energetic elements in order to reproduce the differential operators. For this
purpose, it is sufﬁcient to use n decoupled normalized inductances. As shown in Figure 3 (left),
the vector z comprises the currents through the inductances and the derivative z_ contains the
corresponding voltages. The electrical circuit is supplied by l ideal voltage sources x(t) and
provides m output voltages y(t). Furthermore, this realization is based on a multiport resistance
^ a multiport gyrator with the gyration resistance matrix C
^ and two
with resistance matrix A,
^
^
multiport transformers, whose turns ratios depend on the matrices B and D, respectively. Since
there is no load at the output terminals, the currents on the secondary side and thus the voltages
on the primary side of the gyrator multiport vanish.
In order to decouple this electrical circuit in accordance to (1a) and (1b), we combine the
transformers and voltage sources to controlled ideal voltage sources. Moreover, the secondary
side of the gyrator multiport can also be replaced by controlled ideal voltage sources, whereas its
primary side can be neglected. This way, we obtain the electrical circuits of Figure 3 (right),
which represent the differential and the algebraic equations of the state space model.
4.2. An externally passive electrical circuit
From an electrical point of view, we are always interested in meaningful physical units. To this
end, the state vector and its derivative are replaced by the vectors
iðtÞ ¼ zðtÞ and uðtÞ ¼ ‘_zðtÞ
ð33Þ
containing currents and voltages of n decoupled identical positive inductances ‘:
d
uðtÞ ¼ L iðtÞ with L ¼ 1‘
dt

ð34aÞ

Figure 3. Electrical representations of the state-space model (1).
Copyright r 2009 John Wiley & Sons, Ltd.
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Consequently, the algebraic equations are
^
^
^
^ ¼ ‘A
uðtÞ ¼ ZiðtÞ
þ ‘ Bx;
Z
ð34bÞ
^
where Z is the resistance matrix of dimension n  n. In order to have an externally passive
^ must necessarily be a positive matrix function or rather the system matrix
electrical circuit Z,
must satisfy Equation (2). It is worth to emphasize that the usage of inductances does not limit
this approach in any way. Of course, one may consider capacitances as well, but such
considerations inevitably lead also to a positive admittance or hybrid matrix function [16].
4.3. A canonical internally passive electrical circuit
Starting from the merely externally passive electrical circuit, we obtain with the aid of Section
3.2 the internally passive electrical circuit in Figure 4. In order to create resistive voltage sources,
we have transformed the ideal voltage sources on the secondary side of the transformer
^ s:
multiport, for which the source voltages have to multiplied with the transposed inverse of N
^
^ T Bx
e ¼ ‘N
s

ð35Þ

As a result, we have n decoupled normalized inductances and n resistive voltage sources,
between those a nonenergic multiport is located. The latter is represented by an ideal
transformer and a gyrator multiport and therefore divided into a reciprocal and a
non-reciprocal part. The voltages–currents relations of this multiport can advantageously be
formulated in dependence of a chain matrix:
2 T
3
" #
" #
^
^a N
^ 1
u
v
N

Z
s
^
^ ¼4 s
5
¼K
; K
ð36Þ
1
i
j
^
0
Ns
Additionally, if we take the loop equations
^sj
e¼vþR

ð37Þ

into account, we easily check that the electrical circuit indeed represents the differential
Equations (1a) of the underlying state-space model.

5. WAVE DIGITAL MODELING
The internally passive electrical circuit of Figure 4 is now used for a wave digital modeling, in
order to emulate the physical system described by the differential equation system. But to
become acquainted with the complete wave digital theory is beyond the scope of this paper and
the interested reader must be referred to the literature [3]. Hence, we restrict ourselves to the
essential steps of wave digital modeling: First of all, the differential Equations (34a) of the

Figure 4. Electrical circuit of a state-space model and its draft for a wave digital modeling.
Copyright r 2009 John Wiley & Sons, Ltd.
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inductances can numerically be integrated by applying the trapezoidal rule:
T
ð38Þ
iðtÞ ¼ iðt  TÞ þ ½uðtÞ  uðt  TÞ with T40
2‘
where T is the step size of the integration method. In view of Equation (34b), this results in an
implicit equation at an instance t, because the currents and voltages depend on each other. Now,
if we choose
r‘ ¼ 2‘=T
ð39Þ
for all port resistances of the inductances and introduce the so-called power waves
" #
" #
"
#
u
b
1 r‘ 1
1
; T‘ ¼ pﬃﬃﬃﬃ
¼ T‘
2 r‘ 1 r‘ 1
I
a
we achieve an explicit difference equation
aðtÞ ¼ bðt  TÞ

ð40Þ

ð41Þ

On the opposite side of the nonenergic multiport, the resistive voltage sources are
^ 1 and the power waves
^s ¼ G
interconnected. In terms of the port resistance matrix R
s
2 1=2
3
" #
" #
1=2
^
^
pﬃﬃﬃﬃ
pﬃﬃﬃﬃ
b
v
G
Rs
^s
^s ¼ 14 s
^ 1=2 ¼ diagð r^1 ; . . . ; r^n Þ
5 with R
¼T
; T
ð42Þ
s
2 ^ 1=2
a
j
^ 1=2
R
G
s

s

Equation (37) becomes:
1=2

^ eðtÞ=2
aðtÞ ¼ G
s

ð43Þ

Figure 4 shows the resulting wave digital structure of the reference circuit, which is merely
separated according to the inductances, the resistive controlled voltage sources, and the
remaining nonenergic multiport. The latter obeys in view of Equation (36) the equations
" #
" # " #
" #
b
b
a
1 b
^T
^
¼ T‘ K
;
¼ S^
ð44Þ
s
a
a
b
a
where S^ denotes the scattering matrix. Evidently, the structure remains unchanged if e(t) 5 0,
being equivalent to a(t) 5 0. On this account, it is sufﬁcient to derive the wave digital model of
the free system and to incorporate sources afterwards.
For a wave digital synthesis of the nonenergic multiport, one may directly use the reference
circuit. Unfortunately, this approach is not always successful, because in general we get delayfree directed loops. In order to perceive this, let us synthesize a one-to-one corresponding wave
digital structure of the circuit in Figure 5 by realizing series and parallel connections by series
and parallel adaptors, respectively. As it is shown in the same ﬁgure, the resulting wave digital
structure contains two delay-free directed loops, which represent implicit equations. Of course,
one may numerically solve these implicit equations by an appropriate iteration method but this
signiﬁcantly reduces the efﬁciency of the algorithm.
An efﬁcient wave digital algorithm requires a realizable wave digital structure [15] that is free
of delay-free directed loops. To this end, one may apply a Householder factorization or a series
of Givens rotations to the scattering matrix S^ of the nonenergic multiport [20, 21]. The
disadvantage of this approach is the computation effort of the resulting wave digital structure,
with quadratically increasing complexity. Hence, the wave digital structure should be analyzed
Copyright r 2009 John Wiley & Sons, Ltd.
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Figure 5. Left: Electrical circuit of a state-space model with two states. Right: Corresponding wave digital
structure containing delay-free directed loops.

before, in order to realize as many as possible series and parallel connections and to ﬁnd all
remaining minimal nonrealizable substructures, cf. [22]. In Figure 5, the wave digital fourport
has already been decomposed into a series adaptor with reﬂection-free port and a gray-shaded
nonrealizable threeport, which can be realized by Householder factorization of its scattering
matrix.
Although this preprocessing combined with a factorization of the associated scattering
matrices of the nonrealizable substructures provides an explicit algorithm, the formulas of the
resulting multiplier coefﬁcients in dependence of the state-space parameters are more or less
bulky. For that reason, some basic state-space models will be considered in the next subsections
and efﬁcient wave digital models will be derived.
5.1. Scalar wave digital model
The scalar state-space model coincides with a series connection of an inductance and a
resistive source. The choice r‘ ¼ 2‘=T for the port resistance leads straightly to the simple
wave digital structure of Figure 6. It is remarkable that this realization is not limited to a realvalued state-space model. For this reason, let us consider the complex-valued initial state
problem
^ ¼
aðtÞ

s
kO
1 þ est
1 þ est
þj
) cðtÞ ¼ jk arctanðOtÞ ¼
½1  jOtk
2
st
2 2 k=2
1þe
e
1 þ O t2
½1 þ O t 

ð45Þ

with k 2 N and O; s40.
The wave digital simulation results of the unforced system, with k 5 16, O 5 s 5 1/s, and
initial current i(0) 5 1A, are shown in Figure 7. They have a relative error of less than 1% at a
step size T 5 1 ms.
Note that arctan is monotonically increasing from zero to p/2 and implies a limited number
of cycles because the phase of the solution traverses the interval [0,2pk/4). This circumstance is
visualized by the trajectory depicted at the right-hand side of Figure 7: Starting from the initial
Copyright r 2009 John Wiley & Sons, Ltd.
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Figure 6. An electrical circuit and its wave digital realization for a scalar state-space model.

Figure 7. Wave digital simulation results: the real and imaginary part of the current (left) and their
trajectory (right).

value i0 5 i(0) the current reaches the point ie 5 i(te). From this instance te 5 10 ms, the trajectory
moves on the thin line towards
lim iðtÞ ¼ i1 ¼ i0 =2

ð46Þ

t!1

5.2. Wave digital model with two conjugate complex eigenvalues
An example of a real system with two conjugate complex eigenvalues results, if the complexvalued initial state problem of the previous subsection is separated into its real and imaginary
part. For this purpose, we multiply the real-valued system matrix of Equation (8) by ‘ in order
to obtain the associated resistance matrix having




2
^ s ¼ r^1 þ n^21 r^2 n^21 r^2 and Z
^ a ¼ 0 ^r21
Z
0
r^21
n^21 r^2
r^2
as its symmetric and antimetric part, respectively, from which we deduce the electrical elements
^ n^21 ¼ 0;
r^1 ¼ r^2 ¼ ‘Refag;

^
r^21 ¼ ‘Imfag

ð47Þ

The corresponding wave digital structure is shown in Figure 8, with port resistances r‘ ¼ 2‘=T,
r^02 ¼ r^2 þ r‘ , and r^01 ¼ r^221 =^r02 .
Copyright r 2009 John Wiley & Sons, Ltd.

Int. J. Numer. Model. 2010; 23:42–61
DOI: 10.1002/jnm

54

K. OCHS

Figure 8. A wave digital structure for a real state-space model with two states and n^21 ¼ 0.

5.3. Wave digital model with equal eigenvalues and one linearly independent eigenvector
Next, we examine the initial state problem (11), with the system matrix
^ ¼ a1
^ ¼ ‘a1
^ þ OJ , Z
^  ‘OJ
A

ð48Þ

where J is a Jordan block with vanishing main diagonal elements and the positive constant O
^ we
has the physical unit of a frequency. From the antimetric part of the resistance matrix Z,
conclude
^ a ¼ ra J; with ra ¼ ‘O=2
R

ð49Þ

As a consequence, all gyration resistances of the ﬁrst column in Figure 2 are identical r^m1 ¼ ra ,
whereas all other gyrator resistances vanish and the associated gyrators degenerate to short^ is a tridiagonal matrix, one can ﬁnd the
circuits on both sides. Since the symmetric part of Z
turns ratios:
(
ra =^rm for n ¼ m  1
n^mn ¼
with m ¼ 2; . . . ; n
ð50Þ
0
for nom  1
For the electrical circuit of Figure 2, this implies n1 remaining ideal transformers, because all
transformers with turns ratio 0:1 degenerate to short-circuits and open-loops on their primary
and secondary sides, respectively. After somewhat lengthy but elementary computations one can
deduce the recurrence formula
r^m1 ¼ r^n  r2a =^rm for m ¼ 2; . . . ; n with r^n ¼ ‘a^

ð51Þ

Even though we have determined all devices of the electrical circuit, we know from an earlier
discussion that a straightforward application of the wave digital concept leads to a realization,
which generally contains undesired delay-free directed loops, cf. Figure 5. On this account, a
method based on a direct synthesis of the resistance matrix
^ ¼ r^n 1  2ra J
Z

ð52Þ

is used here. If we choose all port resistances equal to r^n , the scattering matrix reads:
0
^  r^n 1½Z
^ þ r^n 11 ¼
S^ ¼ ½Z

n1
X
n¼1

n
ra
S^ J with S^ J ¼ ^RJ and R^ ¼
r^n

ð53Þ

The special structure of the scattering matrix allows a direct wave digital implementation, cf.
Figure 9.
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Figure 9. Left: A wave digital structure for a state-space model with a real eigenvalue of algebraic
multiplicity n and geometric multiplicity 1. Right: The corresponding electrical circuit for two states.
0
At a simulation instance, we know all an from the delay elements and from S^ we deduce
b0n ¼ 0. Then, for n ¼ n; . . . ; 2, one computes the equations of the parallel adaptor
   2
 
bn
an
g^ 1  1 g^ 2 g^ 1
¼
0
a0n
g^ 1 g^ 2 g^ 22  1 bn

and exploits the special structure of the scattering matrix:
b0n1 ¼ ^R ½a0n þ b0n 
The new values of the delay elements are given by bn . As we can take from Figure 9 for n 5 2
0
states, S^ ¼ S^ J is the scattering matrix of a circulator terminated by the resistances r^01 ¼
r^2 ½1 þ R^ =½1  R^  and r^2 .
To examine this state-space model with regard to passivity, it is instructive to choose


O 2 þ O 2 t2
Ot arctanðOtÞ
^ ¼

)
cðtÞ
¼
exp

ð54Þ
aðtÞ
2 1 þ O 2 t2
2
2
In view of Equation (12) it is evident that for any initial state and any ﬁnite initial instance the
states tend towards zero for t ! 1. Hence, the system is said to be asymptotic stable in the
sense of Lyapunov [19]. Despite that stability property, one easily checks with the aid of the
recurrence formula (51) and
ra ¼ ‘

O
2 þ O2 t2
40; r^n ¼ ra
4ra
2
1 þ O2 t2

ð55Þ

that the system is not passive for n42, because the resistances r^m are positive only for np2.

6. WAVE DIGITAL MODEL OF A NONLINEAR OSCILLATOR
At last, a wave digital model is derived for nonlinear oscillators obeying the second-order
nonlinear and time-variant differential equation
^ W;
_ tÞ W_ þ O2 gðWÞ
W€ þ Os fðW;
ð56Þ
¼ 0 with Os X0 and Oa 40
a ^
^
where f as well as g^ characterize the nonlinearity of the oscillator. This differential equation
covers a variety of nonlinear oscillators, especially those that have successfully been used for
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wave digital simulations like the well-known gravity pendulum, the Van der Pol and Dufﬁng
oscillator, cf. [6, 7, 23]. In comparison to the last examples, this situation is special in so far as we
are now faced with a nonlinear differential equation being of second order instead of having an
appropriate state-space model containing two differential equations of ﬁrst order. Now, it is the
aim to derive a reference circuit by converting the differential equation (56) into the form
d
^ ai þ Z
^ s i ¼ 0 with n ¼ 2
‘ iþZ
ð57Þ
dt
This problem can be tackled by performing the following four steps:
1

First of all, we rewrite the nonlinear function g^ as
^ h^ 0 ðWÞ with h^2 ðWÞ ¼ 2
^
gðWÞ
¼ hðWÞ

Z

^ dW þ const
gðWÞ

and notice that both systems have the same power balance:
d
d ^
d
^ W;
_ tÞ W_ 2 þ O2 hðWÞ
^
^ si
hðWÞ ¼ iT ‘ i þ iT Z
W_ W_ þ Os fðW;
a
dt
dt
dt
2

ð60Þ

With the deﬁnition of the currents, we are able to determine the antimetric part of the
resistance matrix by exploiting the differential equation (56) in the lossless case:
‘

4

ð59Þ

^ s ¼ 0, from which it
The latter equality must hold even in the lossless case Os ¼ 0 and Z
appears natural to assign the state variables
W_
Oa ^
i1 ¼ pﬃﬃﬃ and i2 ¼ pﬃﬃﬃ hðWÞ
‘
‘

3

ð58Þ

d
^ a i ¼ 0 ) r^21 ¼ ‘Oa h^ 0 ðWÞ
iþZ
dt

ð61Þ

At last, we incorporate possible losses. The equality of the power balances (59) leads to the
additional requirement
^ W;
_ tÞ W_ 2 ¼ iT Z
^ si
Os fðW;

ð62Þ

which is met by the choice
^ W;
_ tÞ; r^2 ¼ 0; n^21 arbitrary
r^1 ¼ ‘Os fðW;

ð63Þ

Hence, all elements of the reference circuit are speciﬁed and the corresponding wave digital
model is basically the one of Figure 8, where the wave digital equivalent of the resistance r^2 and
its interconnected series adaptor can be omitted. In case of a lossless oscillator, the resistance
^ corresponds to a complex-valued scalar state-space model, with Z^ ¼ j^r21 . It has the
matrix Z
efﬁcient wave digital implementation depicted on the left-hand side of Figure 10, where the real
and imaginary parts of the signals belong to those of the real wave digital structure with index 1
or 2, respectively.
Copyright r 2009 John Wiley & Sons, Ltd.

Int. J. Numer. Model. 2010; 23:42–61
DOI: 10.1002/jnm

57

WAVE DIGITAL SIMULATION

Figure 10. Wave digital model of a lossless oscillator (left), possessing a latent algebraic loop (right).

Unlike the time-variant case, these algorithms are not explicit, because they cover hidden
implicit equations. These are caused by nonlinear algebraic relations and accordingly named
algebraic loops here. For example, the lossless oscillator bears one algebraic loop, which is
visualized on the right-hand side of Figure 10. These implicit equations have to be resolved
within each simulation instance by using a numerical iteration technique, like ﬁxed point
iteration.
6.1. Analytical solution of the gravity pendulum
A state of the art example is a simple gravity pendulum without any friction, where the bob falls
_ 0 Þ ¼ W_ 0 . It obeys the differential
at an initial angle Wðt0 Þ ¼ W0 , with an initial angular velocity Wðt
equation (56), with
^
Os ¼ 0 and gðWÞ
¼ sinðWÞ:
ð64Þ
In the absence of friction, the (normalized) energy of motion is constant and determined by the
sum of the pendulum’s initial kinetic and potential energy:
2
2
W_ ðtÞ þ 4O2a sin2 ðWðtÞ=2Þ ¼ E; with E ¼ W_ 0 þ 4O2a sin2 ðW0 =2Þ:

ð65Þ

Evidently, if the angular velocity vanishes for an instance, the pendulum does not ﬂip over and
the energy is limited to maximum potential energy: EoE0 ¼ 4O2a . For this scenario, there exists
the solution [24]
pﬃﬃﬃﬃ
_ ¼ sgnðW_ 0 Þ E cnðaðtÞ; kÞ; aðtÞ ¼ a1 ½t  t0  þ a0 ;
WðtÞ ¼ 2 arcsinðk snðaðtÞ; kÞÞ; WðtÞ
ð66Þ
where sn and cn denote Jacobi elliptic functions [25], and
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
0pk ¼ E=E0 o1; a1 ¼ sgnðW_ 0 ÞOa ; a0 ¼ sn1 ðk0 =k; kÞ; k0 ¼ sinðW0 =2Þ:

ð67Þ

The angle and the angular velocity are periodic functions
_ ¼ Wðt
_  Ta Þ;
WðtÞ ¼ Wðt  Ta Þ; WðtÞ

ð68Þ

where the period Ta can be calculated from the complete elliptic integral K. The latter is a
function of the modulus k and can be expressed by the inverse elliptic function sn1:
Z 1
dz
qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
Oa Ta ¼ 4KðkÞ; with KðkÞ ¼ sn1 ð1; kÞ ¼
ð69Þ
0
½1  z2 ½1  k2 z2 
Fig. 11 shows the solution of the angle and its derivative for a gravity pendulum with Oa ¼ 1=s,
W0 ¼ p179:9=180, and W_ 0 ¼ 0=s. Here, the time axes are scaled with respect to the period Ta and
Wmax ¼ Wmin ¼ W0 . Because of insufﬁcient energy the pendulum cannot ﬂip over, which implies
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the following restrictions for the angle and angular velocity, respectively:
Wmin pWðtÞpWmax with Wmax ¼ Wmin ¼ 2 ArcsinðkÞop;
_
W_ min pWðtÞp
W_ max

with

W_ max ¼ W_ min ¼

pﬃﬃﬃﬃ
E:

ð70aÞ
ð70bÞ

A whirling pendulum has an energy E greater than E0, which is equivalent to k41. In this
situation the solution of [24] can essentially be used, but elliptic functions are commonly
numerically implemented for 0oko1 only. To overcome this, we apply a reciprocal modulus
transformation [25]:
w ¼ 1=k; snðz; kÞ ¼ wsnðk z; wÞ; cnðz; kÞ ¼ dnðk; z; w; a0 ¼ wsn1 ðk0 ; wÞ;
where dn designates another Jacobi elliptic function. This leads to
_ ¼ sgnðW_ 0 Þ
WðtÞ ¼ 2 arcsinðsnð k aðtÞ; wÞÞsgnðcnðk aðtÞ; wÞÞ; WðtÞ

pﬃﬃﬃﬃ
Ednðk aðtÞ; wÞ

ð71Þ

ð72Þ

The expression sgn(cn(k a(t),w)) solely commutates the sign of the angle in a suited manner,
because we have to consider that the pendulum does not swing back, which implies a constant
sign of the angular velocity. The periodicity of the angle and the angular velocity holds true, but
we have to modify the period:
_ ¼ Wðt
_  Ta Þ; Oa Ta ¼ 2KðkÞ ¼ 2wKðwÞ:
WðtÞ ¼ Wðt  Ta Þ; WðtÞ
ð73Þ
The angle is of course limited to jWjpp and the angular velocity obeys
pﬃﬃﬃﬃ
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
_
W_ min psgnðW_ 0 ÞWðtÞp
W_ max with W_ min ¼ E  E0 and W_ max ¼ E:

ð74Þ

Since the angular velocity is the time derivative of the angle, we ﬁnally have to unwrap the angle
by adding multiples of 2p as it is shown in Fig. 12 for a whirling pendulum, with Oa ¼ 1=s,
W0 ¼ p179:9=180, and W_ 0 ¼ 0:1667=s.
6.2. Wave digital model of the gravity pendulum
In this subsection, we brieﬂy discuss a complex valued wave digital modeling of the gravity
pendulum, for which we deduce the following three functions from the differential equation:
0

^ ¼ 2 sinðW=2Þ ) h^ ðWÞ ¼ cosðW=2Þ
^
gðWÞ
¼ sinðWÞ ) hðWÞ

ð74Þ

In order to avoid a renewed discussion about case differentiations if the pendulum turns over,
let us restrict the explanation to jWjop. Under this restriction h^ is uniquely invertible and the

Figure 11. Angle (left) and angular velocity (right) of a pendulum, which is not turning over.
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Equation (60) leads under consideration of i ¼ i1 þ ji2 to the expressions
!
pﬃﬃﬃ
pﬃﬃﬃ
‘ Im2 fiðtÞg
_ ¼ ‘ RefiðtÞg
; WðtÞ
WðtÞ ¼ 2 Arcsin
2Oa

ð75Þ

for the angle and its derivative, respectively. Hence, the complex-valued resistance as well as the
reﬂection coefﬁcient depend on the current
sﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2
0
^ ¼j^r21 ðiÞ ¼ ‘Oa h^ ðWÞ ¼ j‘Oa 1  ‘ Im fig
ZðiÞ
4O2a
ð76Þ
^  r‘
ZðiÞ
R^ ðiÞ ¼
^ þ r‘
ZðiÞ
On the other side, the current is a linear combination of the power waves depending on the
reﬂection coefﬁcient. This in turn causes the implicit equation
pﬃﬃﬃﬃ
i ¼ ½1  R^ ðiÞa= r‘
ð77Þ
in accordance to the algebraic loop of Figure 10. Note that this model can also be extended to a
whirling pendulum. A wave digital simulation of the pendulum reproduces the angle and the
angular velocity of the Figures 11 and 12. For a step size of T 5 10 ms and only 1 ﬁxpoint
iteration step, the relative error is about 1%. Moreover, due to losslessness, the reﬂection
coefﬁcient satisﬁes j^Rj ¼ 1, implying constant absolute values of the power waves and it sufﬁces
to numerically compute their phases: instead of a multiplication with the reﬂection coefﬁcient,
we simply have to add its corresponding phase to those of the power waves. This way, rounding
errors affect only phases, whereas the absolute values remain unchanged. As a consequence,
even under ﬁnite-arithmetic conditions the initial energy is exactly preserved by the numeric
model. To verify this, one can ﬁnd the trajectories of two wave digital simulation results in
Figures 13. Although simulations have been done for 100 periods, energy is conserved during
the simulations.
Generally, rounding errors could produce or dissipate energy and hence drive or damp the
pendulum, which makes an undesired chaotic behavior possible, if the pendulum turns
sometimes over or not. Following the above arguments, this is impossible for the present wave
digital model. Hence, it is perfectly suited for emulating a nonlinear oscillator in continuously
running real-time applications.

Figure 12. Unwrapped angle (left) and angular velocity (right) of a whirling pendulum.
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Figure 13. Trajectories in the phase space W_ vs. W, with lines of constant energy. Regions of EoE0 are
white and those of E4E0 are gray-shaded.

7. CONCLUSIONS
In this paper, an internally passive electrical circuit has been derived for a special class of passive
state-space models. The differential operator is constituted by voltage-current relations of
inductances and parameters are represented in terms of resistances, turns ratios, and gyration
resistances. This way, structural information has been acquired and the values of the electrical
devices give information about the behavior of the electrical circuit and thus about the abstract
differential equations system. Moreover, a systematic approach for ﬁnding a realizable wave
digital model has been presented. This approach has been veriﬁed for time-variant as well as
nonlinear differential equations, by comparing simulation results with analytical solutions.
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